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Motivation
Classically, (oriented, framed) tangles are viewed in a vertical position as
a (smooth) embedding

T : [(qI)q (qS1)]× I ↪→ D2 × I

such that the image of ∂(qI) × I lies in {0} × [−1, 1] × {0, 1} in a
orientation-preserving way and the cores of the bands are also oriented.
In this way, tangles form a (ribbon) category Tangle where the composite
is given by stacking:

◦ =

From the representation-theoretic point of view, this realisation of tangles
is powerful as it gives rise to a functorial invariant

FC : TangleC → C

where C is a ribbon category, typically C = ModA for a ribbon Hopf alge-
bra A (eg certain quantum groups). However, this vertical representation
turns out not to be very efficient if one wishes to work directly with the
ribbon Hopf algebra A, which happens to be very desirable as it gives rise
to an invariant which encodes FModA and that is much faster to compute
than the representation-theoretic one. A novel approach, computable in
polynomial time, have been recently developed in [1].
Furthermore, framed tangles allow natural operations which happen to
be very hard to keep track if one sticks to the previous representation:
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To describe tangles and the invariant we pass to a more general notion of
great flexibility and simplicity.

Rotational virtual tangles
Definition 1 (van der Veen). Let J be a finite set. A rv-tangle labelled by
J is a finite, oriented graph with only four-valent and univalent vertices.
Each edge carries an element of J and integer called the rotation number.
Vertices are cyclically ordered and pairs of opposite edges are labelled
with the same element of J and are marked as the overpass or underpass.
Edges labelled with the same element of J form connected oriented paths
with distinct endpoints, called strands. The set of rv-tangles labelled by J
is denoted by TJ .

It follows that every rv-tangle can be obtained by merging copies of the
following building blocks:
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There is an injective realisation map

( Framed oriented
tangles in D2 × I

labelled with J

)
TJ

Reidemeister moves

for a suitable notion of Reidemeister moves for rv-tangles.

The universal invariant
Let A be a ribbon Hopf algebra in Modk (or a symmetric monoidal cate-
gory) with universal R-matrix Rij ∈ A⊗{i,j} and distinguished grouplike
element κ = uv−1 ∈ A, where u is the Drinfeld’ element and v is the
ribbon element. Define ZA on building blocks by

ZA(X±1
ij ) := R±1

ij , ZA(C±1
i ) := κ±1

i , ZA(idi) := 1i

extended naturally by merging. Note that ZA(T) ∈ A⊗J for T ∈ TJ .

The Hopf point of view
Let H be the PROP for Hopf algebra objects. PROPs can arise quite na-
turally, see [2]. Any Hopf algebra A defines then a lax monoidal functor
A : H → Set. Likewise, the operations described before give rise to an-
other lax monoidal functor T : H → Set.

Theorem 2. The universal invariant is a monoidal natural transformation

ZA : T =⇒ A.

Let hSet := SetH the category of Hopf sets. This turns out to be related to
simplicial sets [3]:

Theorem 3. There is an embedding of categories ∆ ↪→ H which induces an
adjuction

sSet ⊥ hSet

Via this adjunction, classical constructions for simplicial sets, eg the geo-
metric realisation, can be lifted to Hopf sets.
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