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1 Basics of Representation Theory

Let A be an algebra over some field k (of characteristic zero unless otherwise
stated). A representation of A is aleft A-module. A morphism or intertwiner
between representations is an A-module homomorphism.

Example 1.1. The algebra A endowed with the left multiplication A-
module structure is called the (left) reqular representation.

Example 1.2. Given two A-modules V1, V5, the direct sum Vi & V5 has a
canonical A-module structure.

A representation V' # 0 is called irreducible or simple if its only subrep-
resentations (aka A-submodules) are 0 and V. It is indecomposable if it is
not isomorphic to the direct sum of two nonzero representations. Obviously,
irreducible implies indecomposable, but in general, the converse is not true.
A representation is called semisimple or completely reducible if it is a direct
sum of simple ones.

Remark 1.3. Note that every finite dimensional representation V of an
algebra contains an irreducible subrepresentation. Indeed, if V' is simple,
done. If not, it contains a proper subrepresentation 0 # W C V, of di-
mension strictly lower (but non-zero). If this is simple, done; else, and the
process finishes by finite dimensionality.

Lemma 1.4 (Schur). Let ¢ : V. — W be a non-zero A-module homomor-
phism between two A-modules (over any field).

1. IfV is simple, then @ is injective.

2. If W is simple, then ¢ is surjective.

3. If V and W are simple, then o is an isomorphism.
Proof. The proof is straightforward:

1. Since V is simple, its only submodules are {0} and V itself. If ¢ were
not injective, then its kernel would be a non-zero submodule of V,
contradicting the simplicity of V. Therefore, ¢ must be injective.

2. Similarly, if W is simple and ¢ were not surjective, then the image of
 would be a proper submodule of W contradicting the simplicity of
W. Hence, ¢ is surjective.



3. If both V and W are simple, then ¢ is both injective and surjective,
hence an isomorphism.

O]

Corollary 1.5 (Schur for algebraically closed fields). If k is algebraically
closed, any A-module endomorphism ¢ : V. — V of a simple A-module V
must be o = X -1d for some X\ € k.

Proof. Suppose A is an eigenvalue of ¢. Then ¢ — X\ - Id is an A-module
map. Since k is algebraically closed, A must be a root of the characteristic
polynomial of ¢. Consequently, ¢ — X - Id is not an isomorphism because
its determinant is zero. By Schur’s lemma, ¢ — A - Id must be zero, so
p=X\-Id. O

Corollary 1.6. If A is commutative over an algebraically closed field, any
simple A-module is 1-dimensional.

Proof. Let V be a simple A-module. Since A is commutative, multiplication
by any a € A is an intertwiner. By the previous corollary, multiplication
by a must be scalar multiplication. Hence, every linear subspace of V is a
submodule. Since V is simple, it must be 1-dimensional. ]

Example 1.7. For A = k[z], simple k[z]-modules are 1-dimensional (as it is
commutative). Indecomposable k[z]-modules are determined by the Jordan
normal forms. This example also shows that indecomposable does not imply
irreducible even over algebraically closed fields.

Lemma 1.8. Any finite dimensional A-module has a simple submodule (this
does not hold for infinite dimensional modules).

Given algebras A, B, an (A, B)-bimodule is a vector space V which is
a left A-module and a right B-module, and both modules are compatible
in the sense that (av)b = a(vb). If V is an (A, B)-bimodule and W is a
(B, C)-bimodule, then V ®@p W is a (A, C')-bimodule in a natural way.

2 Representation Theory of sl

If g is a Lie algebra, by a representation of g we mean a representation of
U(g), its universal enveloping algebra.
We will focus now on the complex Lie algebra

sly := {M € My(C) : tr(M) = 0}.



Clearly this Lie algebra is generated by the matrices

0 1 0 0 1 0
xi=(p o) Y= (3 o) #=(5 5):

and the reader can easily check that they satisfy the relations
[H,X]=2X, [HY]=-2Y, [X,Y]=8H, (1)

where [u,v] := uv — vu. Therefore, its universal enveloping algebra U (sl2)
can be described as the quotient of the free C-algebra generated by X, Y,
and H subject to the relations above.

Given a finite-dimensional U (sly)-module V', a weight vector of weight
A € C is a nonzero eigenvector of H with eigenvalue A\. The eigenspace
VI[A] :=ker(H — AId) is called a weight space. A weight A is called a highest
weight if

Re A > Re X

for any other weight \'. Equivalently, A is a highest weight vector if Xw = 0.
Note that every finite-dimensional representation W of U(sly) has a highest
weight vector. Indeed, since W is finite-dimensional and we are working over
C, the operator H has some eigenvector w with Hw = Aw. If w € ker X,
we are done; else consider the sequence of vectors (X" w),. It is easy to see
from the relations defining U(sly) that

H(X"w) = X"(H 4+ 2n)w = (A + 2n)(X"w),

so we get a sequence of eigenvectors of H with different eigenvalues. This
implies that there must be some n such that X"w # 0 and X"tlw = 0, as
W is finite-dimensional. In this case X™w is the desired element.

It is easy to see from the defining relations of U(sly) that for every
U (slz)-module V', we have

X -VIACVIA+2, Y-VINCVA-2.

Lemma 2.1. IfV is a U(sly)-module, let A be a highest weight and vy € V)]
a highest weight vector. Set

1
Vp = HYP’UO, k> p.

Then

Hv,=(A=2p)vy, Xvp=A—p+1Dvp_1, Yv,=((p+1)vpq1.



Proof. To prove this, note that
1 yP 1 yP
HUP_H H Vo _EH( ’UO).

Since H commutes with Y, we have
H(YPvg) = (HYP)vg = (YP(H + 2p))vo = (A + 2p)(YPvy),

S0
Huv, = (XA —2p)vy,.

For the second claim, consider
1 1
Xvp, =X <va0) = — X (YPvy).
p! p!

Using the commutation relation [X,Y] = H, we get
X (YPvy) = (YPX + [X,YP])vg = YP X vy + terms involving H.
Since Xwvg = 0 (as vy is a highest weight vector),
X(YPvg) = YPXuy = (p- YP ),

SO
Xvp=A—p+1)v,_1.

Finally,

1 1
Yu, =Y (va()) = —YPTly,
p! p!

SO
Yv, = (p+ 1)vpyr.

O

Theorem 2.2. Forn >0, let V,, denote a (n+ 1)-dimensional vector space
with basis (vg,...,v,). Define a U(sly)-module structure on V;, as follows:

0 n 0 0

0 0 n—1 0

(X)) = o ]
0 0 ’ ' 1
0 0 0



1 0 0 0
mY)=10 2 0o 01,
0 0 n 0
n 0 0 0
0 n—2 0 0
pn(H) =
0 0 -n+2 0
0 0 0 -n

Then
1. These matrices indeed define a U (slz)-module structure on V;,.
FEach V,, is simple.

The modules V,, are pairwise non-isomorphic.

e e

Every finite-dimensional simple U (sly)-module is isomorphic to one of
the V.

Each V,, is called the simple U (sly)-module with highest weight n.

Proof. (1) Computation: Verify the defining relations of U(slz) hold for
these matrices.

(2) First a claim: Any highest weight vector of V;, is proportional to vg.
Indeed, such a w must be a scalar multiple of some v; as it is an eigenvector
of H, and in particular of vy as none of the others belong to ker X. Now to
see that V,, is simple, let V/ C V,, be a subrepresentation. Let v’ € V' be a
highest weight vector for V. Then this element viewed in V' is also a highest
weight vector. Since vy € V,, satisfies these properties, we must have that
v' and vy are proportional, thus vy € V/. But this means that v; = Yy,
vy = %ngo, etc. all belong to V' as well, so V/ = V.

(3) By dimensions: The dimension of V;, is n + 1. Since the mod-
ules V,, are pairwise non-isomorphic, this implies that V,, are pairwise non-
isomorphic.

(4) If V is a simple U (sly)-module, let A be a highest weight and vy € V[)]
a highest weight vector. Set v, := ﬁvao, k > p, so that the module
structure is as in the Lemma above. If the v, are non-zero, they must be
linearly independent as they have different weights (eigenvalues). Since V



is finite-dimensional, there must be some n such that v, # 0 and Yv, = 0,
so that Yv, = 0 whenever £ > n. Note that

0= Xvpt1=(A—n)vp,

hence A = n, i.e., V has highest weight n. Therefore, span(vo, ..., v,) defines
a subrepresentation of V' isomorphic to V,,. But since V' is simple, they must
be isomorphic. ]

Corollary 2.3. The irreducible representation V, with highest weight n is
a direct sum of weight spaces,

Vo=V[-nleV[-n+2]&---aVn—-2]6 Vn],
each of them is one-dimensional.

Remark 2.4. V] is isomorphic to the standard 2-dimensional representation
of sl, namely C2. The isomorphism V; = C? is given by vg — (1,0) =: 2
and vy > (0,1) =: z3. Let S"C? denote the n-th symmetric power of C2, i.e.,
homogeneous polynomials in the unknowns z1, 2o of total degree n. Then it
is not hard to see that

oP oP
(H . P) (21722) = 218721 — 2287@,
oP
(XP) (21,22) :Zl%,
oP
(YP) (21,22) :228721

defines an isomorphism of U(sly)-modules V,, & S"C2.

Theorem 2.5 (e.g., Kassel V.4.6). Every finite-dimensional U (slz)-module
18 semisimple.

Corollary 2.6. Fvery finite-dimensional U(sly)-module is a direct sum of
its weight spaces,
V=PV,

ne”

where only finitely many V' [n] are non-zero.

Recall that U(slz) admits a bialgebra structure which is determined by
the condition that elements of sl are primitive. As a bialgebra, the tensor
product of representations is again a representation,

z-(v@w):=A(x)(vew).



To determine how the tensor product splits as a sum of simple modules,
let us define an important tool. Given a finite-dimensional U (sly)-module,
its formal character is the Laurent polynomial

ch(V) := ) " dim(V[n])t" € Z[t, ¢ ].

ne’

Lemma 2.7. The formal character of U(sly) is additive and multiplicative,
ch(V & W) = ch(V) + ch(W), ch(V @ W) = ch(V)ch(W).

Proof. The additive formula is immediate. For the multiplicative one, it
suffices to check that the weight decomposition of the tensor product is
given by
VeWkl= @ VinleWmn.
n+m=~k
That this is the case follows because if v € V[n| and w € W[m], then

H-(vew)=H- vow+v@H w=n@w+v®muw=(n+m)vew.
This concludes the proof. ]

Theorem 2.8. Two U(sly)-modules V' and W are isomorphic if and only
if they have the same formal character, ch(V') = ch(WW).

Proof. The ”only if” direction is clear from the definition, so we only need to
prove the ”if” direction. We proceed by induction on the dimension of V' and
W. Notice that the condition ch(V) = ch(W) implies that V' and W have
the same weight space decomposition and thus have the same dimension.
Let n be the dimension of V and W. The case n = 0 is vacuously true,
so consider n > 0. Let A be a highest weight of both V and W. Then
by the same argument as in the theorem stating that the V,,’s are the only
simple modules, we have that V' contains a subrepresentation V' isomorphic
to Vy and W contains a subrepresentation W’ isomorphic to Vy. Consider
an invariant inner product in V' and W (it exists essentially because any
representation of sly comes from SU(2), which is 1-connected and compact,
so any representation admits a unitary inner product that descends to sly).
Then decompose

V=VaoW), w=waoW)

Because the inner product is invariant, (z - vi,ve) = (v1,x - v2), the orthog-
onals are also submodules. Additivity of the formal character implies that
ch((V')+) = ch((W')1), and since these subspaces have dimension less than
n, we conclude by the induction hypothesis. O



Corollary 2.9 (Clebsch-Gordan formula). The tensor product of two simple
U (sl2)-modules decomposes as

1

min(n,m)
Vn X Vm @ Vn+m—2i = Vn+m &® Vn+m—2 ©---D V\n—m\
=0

Proof. Just note that
tn+2 _ t—n

ch(Vp) =t "t 2 o 2 g n g
The rest is a computation. O

Remark 2.10. We will see later on that the formal character actually de-
fines a ring isomorphism

ch : K (Mody(sry) — Z[t + 171,

where Z[t +t~'] C Z[t,t™'] is the subring of palindromic Laurent polynomi-
als.

3 General Results of Representation Theory

Unless otherwise stated, A is an algebra over an algebraically closed field.

Theorem 3.1. Let (V;) be a collection of non-isomorphic finite-dimensional
simple A-modules. If W is a submodule of

V.= @niVi,

then W is isomorphic to @;r;V;, with r; < n;. The inclusion W — V is
given by a direct sum of inclusions r;V; — n;V; which are determined by a
n; X r; matriz with linearly independent columns.

Theorem 3.2. (Density) Let V' be a finite-dimensional simple A-module.
Then the structure map
p:A— End(V)

s surjective. That is, any endomorphism of V is "multiplication by” an
element of A.

10



An A-module V is of finite length if there is a finite sequence of submod-
ules

o=VWwWcWVc---CcV,=V

such that the quotients V;/V;_; are simple A-modules. Such a sequence is
called a Jordan-Hélder series of V', and the quotients V;/V;_; are called
subquotients.

Lemma 3.3. FEvery finite-dimensional A-module V is of finite length.

Proof. By induction on dim(V'). The base case is clear. Now pick V; CV a
simple submodule, and set U := V/Vj, which is strictly of lower dimension.
By the induction hypothesis, U has a Jordan-Hélder series of finite length
0=UyC---CU,. If m:V — V/Vj denotes the projection to the quotient,
for i > 2 set V; := 7~ 1(U;). Then

o=VwcWc---CcV,=V
is a Jordan-Holder series for V. O

We will later see that all Jordan-Holder series have the same length and
isomorphic subquotients. This is the content of the so-called Jordan-Hoélder
theorem.

The Jacobson radical Rad(A) of a finite-dimensional algebra A is the
set of all elements of A which act by 0 in all simple A-modules (and it is a
two-sided ideal). It is not hard to see that Rad(A) is the largest nilpotent
two-sided ideal of A (recall that an ideal I is nilpotent if I" = 0 for some
n). Note that left ideals of A are exactly the subrepresentations of the (left)
regular representation, and therefore A/Rad(A) is another A-module. On
the other hand, note that if V is a finite-dimensional representation of A,
then End(V) is another representation, (a - f)(v) := a - f(v), and if V is
simple, then End(V') is semisimple, End(V) = (dim(V))V.

Theorem 3.4. A finite-dimensional algebra A has finitely many simple A-
modules (Vi, p;) (up to isomorphism), these are finite-dimensional and there
s an isomorphism of A-modules

@ipi : A/Rad(A) = @End(Vi),

Corollary 3.5. If (V;) are the simple A-modules (up to isomorphism) of A,
then
Z(dim V;)? < dim A.

7

11



Of course, the equality holds when Rad(A) = 0. In this case, we say
that A is semisimple. The following result justifies the name:

Theorem 3.6. Let A be a finite-dimensional algebra. The following are
equivalent:

1. A is a semisimple algebra.
2. Every finite-dimensional A-module is semisimple.

3. The reqular representation A is semisimple.

Corollary 3.7 (Converse of Schur’s lemma). Let A be a semisimple algebra.
If V is an A-module such that Enda(V) =k, then V is simple.

Proof. Let U C V be an A-submodule. Because A is semisimple, V' admits
a splitting V = U & W as A-modules. Consider the projection inclusion
map V — U — V. If this map is 0, then U = 0; else, it must be a multiple
of the identity by hypothesis and then U = V. O

We now introduce characters. If A is an algebra and V' a finite-dimensional
A-module, the character of V is the linear map

xv:A—-k | xv(a) = try(p(a)).

Because the trace of a composition of endomorphisms is independent of the
order, this means that the trace descends to a linear map

xv: AJ[A, A] = k.

Proposition 3.8. Characters of non-isomorphic finite-dimensional sim-
ple A-modules are linearly independent (in A*). Moreover, if A is finite-
dimensional with simple finite-dimensional A-modules (V;), then the collec-
tion (xv;) forms a basis for (A/[A, A])*.

Theorem 3.9 (Jordan-Holder). All Jordan-Hélder series of an A-module of
finite length (e.g., finite-dimensional) have the same length and isomorphic
subquotients (up to reordering).

That common length is called the length of V.

Theorem 3.10 (Krull-Schmidt). Any A-module of finite length (e.g., finite-
dimensional) of an algebra A can be uniquely decomposed into a direct sum
of indecomposable A-modules, up to isomorphism and ordering.

Theorem 3.11. Let A, B be algebras. If V.W are irreducible representa-
tions of A, B respectively, then V @ W is an irreducible representation of

A® B. Even more, all irreducible representations of the tensor product are
of this form.

12



4 Representations of Finite Groups

Let G be a finite group. A representation G — End(V) is the same thing
as a k[G]-module V.

Theorem 4.1 (Maschke). The algebra k[G] is semisimple whenever char(k)
does not divide |G|.

Proof. 1t suffices to check that if V is a k[G]-module and W C V is a
submodule, then there exists another submodule W’ C V such that V =
WaW'. Choose Z as a linear complement of Win V', so V = W& Z as vector
spaces, and let 7 : V. — W be the projection onto W, i.e., m(w,z) = w.
Define
T V=V, 7w(v):= Zg ngv
1G] =

and set W' := ker. It is easy to see that 7y = Id and 7(V) C W, so
72 = 7 and 7 is a projection along W', hence V.= W @ W', a priori only as
vector spaces, but also as k[G]-modules because if h € G and y € W/,

h)y = ’G‘Zp )ap (g~ 'R |G‘Zp (hO)mp (¢71) y = p(h)7y = 0.
geG leG

This concludes. O

Corollary 4.2. The regular representation of k[G] decomposes as
G = P End(V;)

where (V;) are all the simple k[G]-modules, whenever char(k) does not divide
|G|. Alternatively,

k[G] = P (dim(V;)Vi,

i

G| = Zdim(v;)2

Remark 4.3. Actually, the converse of Maschke’s theorem also holds, that
is, k[G] is semisimple if and only if char(k) does not divide |G|.

Counterxample 4.4. If G = Z/p and char(k) = p, then k[G] is not
semisimple, because every simple k[G]-module (which must be 1-dimensional
as k|G| is commutative) has the trivial G-action. Indeed, the generator of
G must act as multiplication by a p-th root of unity in V' 2k, but in k any
root of unity is the unity because 27 — 1 = (x — 1)? in k.

and therefore

13



If V' is a representation of k[G] and let xy be its character. Let us denote
also by xy the restriction to G, i.e., xy : G — V. Because of the properties
of the trace, the character xy is a class function. A class function of G
is a set-theoretical map ¢ : G — k which is invariant under conjugation,

¢(hgh™") = ¢(g). We put

F.(G,k) := Homset(G/conj, k)
for the set of class functions of G. Note that it is a vector space of dimension
|G /conj|.

Proposition 4.5. Characters of simple k|G]-modules form a basis for F.(G, k),
whenever char(k) does not divide |G)|.

Proof. By the proposition before the Jordan-Hélder theorem, it suffices to
check that (A/[A, A])* = F.(G,k), which is readily verified. O

Corollary 4.6. Characters determine representations (if char(k) =0):
VEW < xv=xw

Proof. 1t follows by expanding the characters in terms of irreducible rep-
resentations using the additivity of the characters, the fact that k[G] is
semisimple (i.e., all representations are sums of irreducible ones), and com-
paring coefficients of these expansions (so expansion in terms of basis ele-
ments) in the vector space F.(G, k). O

Let us write GV for the set of irreducible representations of G.

Corollary 4.7.
GY| = |G/ cony,

that is, there are as many irreducible representations of G as conjugacy
classes in G.

Examples 4.8. In what follows k = C.

1. Finite Abelian Groups: G =Z/n @ --- ® Z/ny.

Since G is abelian, |GY| = |G|. Because every element of G is invert-
ible, every element of GG acts by automorphisms in any G-module. So
in a simple G-module, which must be one-dimensional, we can view it
as

G — Aut(C) = C*.

14



In particular, GV has the structure of an abelian group: if p,p €
G" are irreducible representations, so are (pp’)(g) := p(g9)p'(g) and
p~1(g) := p(g7 ") (because all of them are one-dimensional). The group
GV is called the dual or character group of G.

Let us start by G = Z/n. An irreducible representation in this case
is the same as a group homomorphism Z/n — C*. Such a map must
send 1 to an n-th root of unity. So if p denotes the representation that
sends 1 to €™/ ie.,

— e?ﬂ’zm/n

p(m) :
then (Z/n)Y = {p*} = Z/n.

Now we have that for two abelian groups G; and Go,

)

(G1 @ Gz)v = GY @ GE/,

(basically because direct sum is the coproduct in abelian groups) so
we conclude that for any finite abelian group we have

GV ~@G.

. The Symmetric Group G3:

In G,,, conjugacy classes are determined by cycle decomposition: two
permutations are conjugate if and only if they have the same number
of cycles of each length. The conjugacy classes are

(W] =A{1}, [(12)] = {(12),(13),(23)}, [(123)] = {(123), (132)}.

So there are three different irreducible representations. If d; is the
dimension of each of them, by the dimension formula we must have

B +di+d2=6=63,

so two of them must be d; = 1 and the third one = 2.

The one-dimensional representations are the trivial representation C4
(i.e., p(0) = Id) and the sign representation p(o) = sign(o). The 2-
dimensional representation can be visualized as representing the sym-

metries of the equilateral triangle with vertices (1,2,3) at the points
(cos 120°,sin 120°), (cos 240°,sin 240°), (1,0). For instance,

1 0 cos120° —sin 120°
p((12)) = (0 _1) - p((123)) = <sin 120°  cos120° > '

15



To check that this representation is irreducible, one argues as follows:
consider any subrepresentation V. It must be the span of a subset of
the eigenvectors of p((12)), which are the nonzero multiples of (1,0)
and (0,1). But V must also be the span of a subset of the eigenvectors
of p((123)), which are different vectors. Thus, V' must be either 0 or
the original 2-dimensional representation.

3. The Quaternion Group Qs = {£1, +i,+7j, £k}.
TODO.

If V,W are representations of G, then so are V* and V @ W:

*

pv+(9) == (pv(9)) " = (pv(9) ) = pv(g™ "),
and
pvew(9) == pv(9) ® pw(9),

which follows from the usual bialgebra structure on k[G]. It is clear that

xv+(9) = xv(g™),
and
XVeWw = XVXW-

Lemma 4.9. Let V be a finite-dimensional complex representation of G.

Then V = V* (as G-modules) if and only if xv(G) C R.

Proof. We have xv(g) = >_; A, the sum of the eigenvalues of p(g) (e.g.,
from the Jordan normal form). These eigenvalues must be roots of unity
because p(g)I¢l = p(gl¢l) = p(1) = Id. So for complex representations,

xve(9) =xvig ) =D AN =D A=) Xi=xvg),
and the claim follows as characters determine representations. ]

Recall that a Hermitian inner product in a complex vector space is a
complex-valued bilinear form (—, —) which is antilinear in the second slot,
conjugated symmetric, and positive definite.

We now define a Hermitian inner product on the space F,(G,C) of class

functions. Set 1

(f1, f2) = 1€l > flg)fa(g).

geG
Recall that characters of irreducible representations of G form a basis for
F.(G,C). The following theorem says in particular that this basis is or-
thonormal with respect to the above-defined inner product.

16



Theorem 4.10 (Schur Orthogonality Relations). For any complex G-modules
V. W, we have
(xv, xw) = dim Homg(V, W).

In particular, if V,W are irreducible,

1, ifV=W,

0, otherwise.

(xv.xw) = {

Corollary 4.11. A finite-dimensional complex G-module V' is simple if and
only if (xv,xv) = 1.

Proof. The ”only if” part follows from the previous theorem. For the ”if”
part, use the previous theorem and the converse of Schur’s lemma. O

Corollary 4.12. Let (V;) be the set of finite-dimensional simple G-modules
and let W = @, n;Vi. Then

Proof.
Oows xv) = > mi(xvys xvi) = 1.
j

O]

Recall that the centralizer C(g) of an element g € G is the set of elements
of the group that commute with g.
Here is another character formula:

Theorem 4.13. Let g,h € G. Then

> xvigxv(h) =

{|C’(g)|, if g is conjugated to h,
VeGvY

0, otherwise.

A complex finite-dimensional representation V of G is unitary if it is
endowed with a G-invariant Hermitian form, i.e., a Hermitian form (—, —)
for which G acts by unitary operators (isometries), i.e., (gv, gw) = (v,w).
Every complex finite-dimensional representation V' of a finite group admits
a unitary structure: if B is a positive definite form in V', then

(v,w) := Z B(gv, gw)

geG
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is the desired structure. This gives an alternative proof of Maschke’s theo-
rem, as the unitary structure allows us to take the orthogonal complement of
any subspace, and therefore every finite-dimensional G-module is completely
reducible (i.e., semisimple).

If the finite-dimensional G-module V is simple, then a unitary structure
on V is essentially unique, namely any other differs by scaling by a positive
real number. Indeed, if B, B’ are two Hermitian forms in V, both non-
degenerate, consider the composition of antilinear isomorphisms

vaveEay,

where each of the maps is the polarity, i.e., v — B(v,—). The composition
is then a G-module map T : V' — V| which satisfies B(v,w) = B'(Tv,w).
By Schur’s lemma, T" = X - Id and since both forms are positive definite, the
only option is that A > 0.

Let V be a finite-dimensional simple G-module and let (vy,...,v,) be
an orthonormal basis with respect to the (essentially unique) G-invariant
Hermitian product. The matriz elements of V' are the functions

t,}g :G — C, t,};(g) = (gvi7vj)_

If Fun(G, C) = Homset (G, C), then one can show that the matrix elements
form an orthonormal basis with respect to a Hermitian product on Fun(G, C)
defined in the same way as for the space of class functions.

Remark 4.14. Let us explain how the representation theory of a finite
group can be summarized in the so-called character table. The characters
of all the irreducible representations of a finite group can be arranged into
a character table, with conjugacy classes of elements as the columns, and
characters as the rows. More specifically, the first row in a character table
lists representatives of conjugacy classes, the second one the numbers of
elements in the conjugacy classes, and the other rows list the values of the
characters on the conjugacy classes. Note that the rows and columns of
a character table are orthonormal with respect to the appropriate inner
products. Also, note that in any character table, the row corresponding to
the trivial representation consists of ones, and the column corresponding to
the neutral element consists of the dimensions of the representations.
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Example 4.15. This is the character table of &3, which we discussed above:

Sz [1d [ (12) [ (123)
#1171 3 2
Ciol1] 1 1
C_[1] -1 1
c’l2] 0 —1

This is obtained by explicitly computing traces in the irreducible represen-
tations.

Character tables also allow us to easily describe the tensor product of
representations in terms of irreducible ones: if

VieV; = DNV,
k

then by a previous corollary, we know that

NE = (xviev;, X)) = (XViXV; X14)-

Example 4.16. Following up the previous example, we have

G;|CL[C_ C?
C.|Ci|C_ C?
C_ C, C?
C? C,oC_oC?

5 More on Representations of Finite Groups

Recall that a complex number z € C is an algebraic number (resp. alge-
braic integer ) if it is a root of a monic polynomial with rational (resp.
integer) coefficients. Alternatively, z € C is an algebraic number (resp. al-
gebraic integer) if it is an eigenvalue of a matrix with rational (resp. integer)
coefficients. The equivalence between the two approaches is of course the
characteristic polynomial.

The set of algebraic numbers is denoted by Q whereas the set of algebraic
integers is denoted by A.

Lemma 5.1. The set A is a ring, and Q is a field (concretely, it is the
algebraic closure of Q).
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Proof. The fact that both are rings follows because if A € M, (C) and
B € M,,(C) are square matrices, v is an eigenvector of A with eigenvalue «
and w is an eigenvector of B with eigenvalue 5, then o+ [ is an eigenvalue
of A® I, + I, ® B (with eigenvector v®w) and a3 is an eigenvalue of A® B
(with eigenvector v ® w). Now Q is a field because if a # 0 is a root of a
polynomial p(z) of degree d, then o' is a root of z%p(z~1). [ O

Lemma 5.2 (Integral Root Theorem). The set ANQ = Z, that is, any
rational root of a monic integral polynomial is an integer.

Proof. If z is a root of an integral monic polynomial p(x) = 2™ + a2~ +
...+ ap_17 + a, of degree n and z = p/q with p,q coprime integers, then

expanding p(z) = 0 and clearing denominators we have p" = —q(ayp"~! +
<-4 apg™ 1), so q divides p". But p and ¢ are coprime, hence ¢ = +1.
O O

Every algebraic number « has a minimal polynomial , which is the monic
polynomial with rational coefficients of the smallest degree such that p(a) =
0. Any other polynomial ¢(x) with rational coefficients such that ¢(a) = 0 is
divisible by p(z). Roots of p(z) are called the algebraic conjugates of «; they
are roots of any polynomial ¢ with rational coefficients such that g(a) = 0.
Note that any algebraic conjugate of an algebraic integer is obviously also an
algebraic integer. Therefore, by the Vieta theorem (aka Cardano formulas),
the minimal polynomial p(z) of an algebraic integer has integer coefficients.

Theorem 5.3 (Frobenius Divisibility). Let G be a finite group and let V' be
a finite-dimensional simple G-module. Then dim'V divides |G|, the order of
G.

Proof. Let us denote the conjugacy classes of G by C',...,C, and their
representatives by g1, ..., gn. Define

_ xv (gi) - ’Cz'|‘

Ai dimV

First, we claim that these are algebraic integers. Indeed, for C' a conjugacy
class of G, let P := ), ~h. Then P is a central element of Z[G], so it acts
on V by some scalar A\, which is an algebraic integer (since Z[G] is a finitely
generated Z-module, any element of Z[G] is integral over Z, i.e., satisfies a
monic polynomial equation with integer coefficients). On the other hand,
taking the trace of P in V', we get |C|xy(g) = Adim V.
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Now consider the element
Q:=> Xixv(g)
i

The values xv(g;) are sums of roots of unity because so are the eigenvalues of
p(g) (because the order of g is finite), so each yy (g;) is an algebraic integer;
hence @ is also an algebraic integer since A is a ring. Therefore, we have

|Cilxv (g¢,)xv (9c;) xv(gxv(g) |Gl(xv.xv) |G
Q= ZA‘X”’C Z dim Vv Z dlmV ~ dmV  dimV’

So Q € A, and dilri‘v € Q, so we conclude that @) is an integer by the
previous lemma. [J O

Recall that a group is solvable if there is a sequence of nested normal
subgroups {e} = G1 <G2<...<9G, = G such that the subquotients are
abelian. The following theorem can be proven using representation theory.

Theorem 5.4 (Burnside). Any group G of order p™q™, where p and q are
primes, is solvable.

The following theorem is a consequence of the theorem above about the
irreducible representations of the tensor product of algebras.

Theorem 5.5. Let G, H be groups and let (V;), (W;) be the collection of
their irreducible representations, respectively. Then (V; ® W) is the collec-
tion of irreducible representations of G X H.

A wirtual representation is an element of Z[GV], that is, a linear com-
bination of simple G-modules, V' = >, n;V;. The character of V' is xy :=

Zi i XV -

Lemma 5.6. Let V be a wvirtual representation. If (xv,xv) = 1 and
xv(e) > 0, then xv is the character of a simple G-module.

Proof. Let V1, Vs, ..., V,, be the irreducible representations of G, and V =
>-n;V;. Then by the orthonormality of characters, (xv,xv) = >, n?. So
>;n? = 1, meaning that n; = £1 for exactly one i, and n; = 0 for j # 1.
But yy(e) > 0, so n; = +1 and we are done.  [] O

We now study the so-called restricted and induced representations. Let
G be a group and let H C G be a subgroup. If V is a G-module (over
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a ground field k), then V is trivially an H-module by restricting to ele-
ments of H, and it is denoted by Res% (V') and will be called the restricted
representation . In fact, this defines a functor

Res% : Modg — Modp;.

Now if V is an H-module, aka an k[H]-module, then we can define a
G-module by extension of scalars,

Ind (V) := V @k K[G],

and it will be called the induced representation . Note that there is a linear
isomorphism

KG] SKG* ., g—d,

which is in fact of G-modules: héy(x) = §4(h~'z) = dpy(z). This implies
the following isomorphism of G-modules:

V @i K[G] = V @y k[G]* = Homp (K[G], V),

where the G-action on Hompy (k[G], V') is given by (g - ¢)(x) := ¢(xg). Also
note that

Gl

|H|

(this is an integer by Lagrange’s theorem), roughly because if g, ¢’ belong to
the same H-coset, ¢’ = hg; then ¢ ® v = g ® hh™'v = ¢’ ® h~ . Similarly,
this construction defines a functor

dim(Ind%(V)) = dim(V)

Ind$ : Mody — Modg.

Since this is an instance of restriction-(co)extension of scalars in modules,
by the general adjunctions there we get

Theorem 5.7 (Frobenius Reciprocity). Let H C G. There are adjunctions
d% : Mody < Modg : Res%

and
Res$ : Modg < Mody; : Ind$, .

That is, if V is a G-module and W is an H-module, then there are bijections

R

Homg (Ind% (W), V) = Homp (W, Res% (V)

and

Homp (Resé (V), W) S Home (V, Ind§ (W)).

[\
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Taking dimensions and using the Schur orthogonality relations we get

Corollary 5.8 (Frobenius Reciprocity for Characters). In the notation of
the theorem above, we have

(XResg (v) XW) G = (XV', Xtnag (w) ) H-

In particular, if V,W are irreducible, then the multiplicity of V in Ind%’}(W)
equals the multiplicity of W in Res% (V).

Example 5.9. Put G = &3 and H =7/2 = ((12)). Applying the previous
corollary, we compute

md%(C)=C,eC? |, Ind%(C_)=C_aC?
because Res% (C?) = C, @ C_.
We can also compute the character of the induced representation:

Theorem 5.10 (Mackey Formula). Let H C G and let V' be an H-module.
The character of the induced representation Indg(V) is given by

_ -1
Xlndg(V)(g) = ZXV(QJW ),

where the sum runs over the right cosets [x] € H\G such that zgz~! € H.

6 Representation theory of G,

Since we know that there are as many irreducible representations of a finite
group as conjugacy classes in the group, let us start by recalling the conju-
gacy classes of G,,. Given o € G,,, write it as a product of disjoint cycles
of lengths k1 > ky > --- > kj, where we include the 1’s in the list for fixed
points. The length type of o is the tuple (ki,ks,...,kp). For example, if
o € Gy9, 0 = (2578)(1369), then its length type is (4,4,1,1).

Lemma 6.1. Two permutations 0,0’ € &, are conjugated if and only if
they have the same length type.

If n is a positive integer, a partition of n is a tuple X = (k1, ka2, ..., kp)
as above, with k; > k41 and n = ), k;. Therefore, there are as many
irreducible representations of &,, as partitions A of n.

To every partition A\, we will attach a Young diagram Y, which is a
picture in the plane consisting of k1 boxes in a row, below which are ko

23



boxes, and so on. A Young tableau T corresponding to Y) is the result
of filling the numbers 1,...,n into the squares of Y) in some way (without
repetitions).

This is an example of a Young tableau for a permutation of G1¢ of cycle
type (5,4, 1):

-
N
H
~
(0]

10

For every Young tableau T, we will define two subgroups Py, Q) in
G,: the row subgroup Py is the subgroup of permutations that permute
elements in the same row; and the column subgroup Q) is the subgroup
of permutations that permute elements in the same column. Note that
Py NQx = {Id}. Now define the Young projectors

1 1
ay = — o, by = — sign(o)o.
| Pyl a%% |Qx 2 sigu(0)

SN

Also set ¢y = axby, which is called the Young symmetriser, and note
that this element is nonzero as Py N Qy = {Id}.

Now consider the left regular representation C[S,,]. The Specht module
associated to T) is the subrepresentation

Vy = C[Gn}C)\ C C[Gn].

Theorem 6.2. The Specht modules Vy exhaust all irreducible representa-
tions of Sy,
&) = {Vi}a.
Examples 6.3. 1. If A = (n), then Py, = &, and @) = Id, so c, is the
symmetriser, and V) is the one-dimensional trivial representation.

2. If A= (1,...,1), then Q) = &,, and P\, = Id, so ¢, is the antisym-
metriser, and V), is the one-dimensional sign representation.

3. If n = 3 and A = (2,1), then V), = C?, the representation that per-
mutes the vertices of the equilateral triangle.

Let us now introduce a lexicographic order in the set of partitions of a
given n: we put A > pu if the first non-vanishing A\; — u; is positive. This
allows us to describe the induced representation Indg:((C) = C[6,)ay in
terms of irreducible ones:
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Proposition 6.4. We have

Indp (C) = P KV,
n>A

for some non-negative integers K, \ which are called the Kostka numbers.

We can also compute the character of Ind%;(@). For m > 0 and =z =
(x1,...,zN), let

Now, let C be the conjugacy class of &, having iy cycles of length ¢ for all
> 0.

Theorem 6.5. Let N be the number of parts of X (i.e., A= (A1,...,An)). If
o € &, has iy cycles of length £ for £ > 0, then XndSr () (o) is the coefficient
P

of 2 = 2 in the polynomial

J
[T Hnl2)™.

m>1

Let us write A(z) = [[;;j<n(zi — z;) for the Vandermonde poly-
nomial. The following theorem gives a formula for the character of the
irreducible representations of &,,:

Theorem 6.6 (Frobenius character formula). Let N be the number of parts
of \. If o € &, has iy cycles of length £ for £ > 0, then xv, (o) is the

coefficient of []; x;‘ﬁN*j in the polynomial

Ax) [ Hnm(z)™.

m>1

Because dim(V)) = xy, (id), we can use the character formula to compute
the dimensions of the Specht modules. We need a definition before: for
a square (,j) in a Young diagram A, where 4,5 > 1,9 < );, define the
hook length of (i,7) to be the number h(i,j) of squares (¢/,7’) in A with
i >0 =jori =i, > .

Theorem 6.7 (Hook length formula). The dimension of the Specht modules
s given by
n!

dim(Vy) = Tion, 7.5
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We now move on to study how the representation theory of &,, interacts
with that of the Lie algebra gl,(C) (and also with that of GL(V')), which
is known as Schur-Weyl duality. First, we need a result of independent
interest. Let R be a ring and S C R a subring. The centraliser of S is

Cr(S):={reR:rs=srVse S}

It is always the case that S C Cr(Cr(S)), but whether equality holds de-
pends on the specific situation. Now our main case of interest is when R =
End(V), the ring of endomorphisms of a finite-dimensional complex vector
space V. If A C End(V) is a subring, then V inherits a canonical structure
of A-module: f-v:= f(v). It is readily verified that Cg,q(v)(A4) = End4 (V).

Theorem 6.8 (Double centraliser theorem). Let E be a finite-dimensional
complex vector space, let A C End(FE) be a semisimple subalgebra, and let
B := CEnd(E) (A) = EIldA(E) Then:

1. CEnd(E)(CEnd(E)(A)) = A, that iS, EndB(E) =A.
2. B is semisimple.

3. If (U;) is the set of simple A-modules, then setting W; := Hom(U;, E),
we have that (W;) is the set of simple B-modules.

4. View E as an A® B-module, (f®g)-v:= f(g(v)). Then E decomposes
as
E=PUieW,.

)

For a proof, see here.

We want to apply the previous theorem to the situation where E = V&7,
and A is the image of C[G,] in End(V®™) (here we view C[&,,] acting on
V" by permuting the factors). The key observation is that A is semisimple:
for note that A is the quotient of C[S,,] modulo the kernel of p : C[S&,] —
End(V®") (which is an ideal). But in general if I C D is a two-sided ideal
(of an arbitrary finite-dimensional algebra D), we have that Rad(D/I) =
(Rad(D) + I)/I. In particular, if D is semisimple, so is D/I. Hence A =
C[6&,]/ ker(p) is semisimple.

On the other hand, there is a natural action p : gl(V) — End(V®") of
gl(V) on V®" namely

p(f)=) e & fe- eId
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This action extends to U(gl(V')) via the universal enveloping algebra ad-
junction

Homay(U(g), A) = Homypjicalg (g, LA).
Lemma 6.9. The image of U(gl(V)) in End(V®") equals B = Ends,) (V™).

Recall that A is the image of C[&,] in End(V®™) and B is the image
of U(gl(V)) in End(V®"). By the double centraliser theorem, these are
centralisers of each other. We also have that B is semisimple.

Theorem 6.10 (Schur-Weyl duality for gl(V')). The algebras A and B are
centralisers of each other, B is semisimple, and

Ve = P Vi e My,
[Al=n

where the sum is taken over partitions of n, the V) are Specht modules for
Sy, and M)y are irreducible representations of gl(V'), or zero.

There is an action p : GL(V) — End(V®") given by

pfl=f@ - af@--®f,

which commutes with the &,,-action. It is not hard to see that the image of
GL(V) in End(V®") spans B, and again by the double centraliser theorem
we get:

Theorem 6.11 (Schur-Weyl duality for GL(V')). We have a decomposition

yen — @ V\® Ly
[A|l=n

as a representation of S, x GL(V'), where the sum is taken over partitions
of m, the Vy are Specht modules for &,, and Ly = Homg, (V\,V®") are
distinct irreducible representations of GL(V), or zero.

7 Intermezzo: Semisimple Lie Algebras

Before studying the representation theory of semisimple Lie algebras, we
will review their classification.

A Lie algebra (over a field k of characteristic zero unless otherwise stated)
is abelian if it has a trivial bracket, [g,g] = 0. If V is a vector space,
a Lie subalgebra of gl(V) = End(V) is called a linear Lie algebra. By
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a theorem of Ado, every finite-dimensional Lie algebra is isomorphic to a
linear Lie algebra, i.e., every finite-dimensional Lie algebra has a faithful
finite-dimensional representation.

If A is an algebra, a derivation is a linear map 0 : A — A satisfying
d(zy) = 0(x)y + x0(y). The set of derivations Der(A) is a Lie subalgebra of
gl(A). Now if A = g is a Lie algebra and z € g,

ad, := [27_]:g_>g

is a derivation by the Jacobi identity and therefore we have the adjoint
representation
ad : g — Der(g) C gl(g).

An ideal in a Lie algebra g is a vector subspace I such that [I,g] C I.
For instance, the derived algebra [g,g] is always an ideal of g. Also, the
centre Z(g) := ker(ad) is also an ideal.

A Lie algebra is simple if it is nonabelian and has no ideals except for 0
and g. Hence if g is simple, Z(g) = 0 and [g,g] = g.

The derived series of g is

939(1)39(2)3...39(71)3...

with g = [g,g] and g™ = [g" D, g»=D]. The Lie algebra is called
solvable if g = 0 for some n.
Similarly, the lower central series of g is

93913923...39"3...

with g' = [g,g] and g" = [g,g(®V]. The Lie algebra is called nilpotent if
g" = 0 for some n. Note that g™ C g" (this can be shown inductively),
hence nilpotent implies solvable.

An element x € g is ad-nilpotent if ad, is a nilpotent endomorphism,
ad? = 0 for some n. Note that if g is nilpotent, then every element is
ad-nilpotent. The converse also holds:

Theorem 7.1 (Engel). A finite-dimensional Lie algebra is nilpotent if and
only if all elements are ad-nilpotent.

The solvable radical Rad(g) of g is defined to be the largest solvable
ideal of g. A Lie algebra is semisimple if its solvable radical is zero, i.e., if it
has no nonzero solvable ideal. Also recall that the Killing form of g is the
symmetric bilinear form

k:gxg—k, k(z,y):=tr(ad(z) cad(y)).

The Killing form is associative in the sense that x([z,y], z) = k(z, [y, 2]).
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Theorem 7.2. Let g be a finite-dimensional complex Lie algebra. Then the
following are equivalent:

1.

g is a semisimple Lie algebra.

2. g has no nonzero abelian ideals.

3. The Killing form of g is nondegenerate.

4.

g is a direct sum of simple Lie algebras.

Examples 7.3. The following are simple complex Lie algebras (and will
turn out to be the only ones):

1.

a, =sln+1),n>1.

The subalgebra of gl(n + 1) of traceless matrices, tr(X) = 0. We have
dim(a,) = (n +1)?> — 1. Note that we have removed ag = sl; since it
is trivial, hence not simple.

b, =s0(2n+ 1), n > 2.

The subalgebra of gl(2n + 1) of skew-symmetric matrices, X7 = —X.
We have dim(b,,) = n(2n + 1). Note that we have removed b; = a; for
1=0,1.

tn, = sp(2n), n > 3.
The subalgebra of gl(2n) of symplectic matrices,

0 I 0 I
T n\ _ _ n
(5 6)=- (0 )
We have dim(c,) = n(2n + 1). Note that we have removed ¢; = b; for
i=1,2.

0, =s0(2n), n > 4.

The subalgebra of gl(2n) of skew-symmetric matrices, X7 = —X. We
have dim(9,) = n(2n — 1). Note that we have removed ?; = qa; for
1 =1,3 and 03 = ay @ ag, which is semisimple but not simple.

The exceptional Lie algebras eg, ¢7, ¢s, f4 and go of dimensions 78, 133,
248, 52 and 14, respectively.
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7.1 Abstract Root Systems, Cartan Matrices, and Dynkin
Diagrams

Roughly speaking, the classification theorem that we are chasing after will
state that there are one-to-one correspondences between four different pieces
of data:

1. Semisimple Lie algebras (up to isomorphism).

2. (Abstract) Root systems (up to isomorphism).

)

3. (Abstract) Fundamental systems (up to isomorphism).
)
)

-
-

4. (Abstract) Cartan matrices (up to isomorphism).
-

5. (Abstract) Dynkin diagrams (up to isomorphism).

With the equivalence of these five pieces of data at hand, we will classify
abstract Cartan matrices, which will lead to a classification of semisimple
Lie algebras. To begin with, we will forget about Lie algebras for a moment
and focus on defining (2)-(5) and studying their equivalences. Later on, we
will associate to each semisimple Lie algebra one object of (2)-(5), but a
priori (2)-(5) have nothing to do with Lie algebras.

Let V' be a Euclidean vector space, and let (—, —) be its inner product.
For «, 8 € V, the mapping

(5,0)

(o, @)

Sa: V=V, s48)=p-2

is called the reflection in «, since it is the reflection with respect to the
hyperplane P, = {5 € V : («a, 5) = 0}.

An (abstract) root system is a pair (V, ®) where V' is a finite-dimensional
Euclidean vector space, and ® is a finite set of nonzero vectors, called roots,
such that:

1. ® spans V.
2. If « € V, then —a € V and no other real multiple of « is in ®.

3. For any two roots «, 8 € @, the reflection in a of S is another root,

(8, @)

(@, @)

Sa(ﬂ):ﬂ—Z acd.
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4. (Integrality condition) For any two roots «, 5 € ®,

(8, )

(o, @)

<Oé,ﬁ> =2

€z,

that is, 8 and its reflection s,(3) differ by an integer multiple of «.
These integers (a, 5) are called the Cartan integers.

The rank of (V,®) is the dimension of V. An abstract root system is
wrreducible or indecomposable if it cannot be decomposed into a union ®111Po
of two disjoint orthogonal nonempty subsets of ®. Any abstract root system
decomposes as the union of irreducible root systems, and the vector space
decomposes as an orthogonal sum of the irreducible ones.

An abstract root system isomorphism ¢ : (V,®) — (V’, @) is a similarity
¢ : V= V' (isometry up to a constant factor, i.e., (¢(a),o(8)) = A+ (e, B)
for some A > 0 for all a, 8 € ®) such that p(®) = ®’. That is, ¢ is a linear
isomorphism that takes one set of roots onto the other and preserves the
Cartan integers, (p(a), ¢(B)) = («a, 5) for all «, 5 € P.

Lemma 7.4 (Finiteness). For any roots o, 5 € ® with  # +a, we have
that

(a, B)(B, ) € {0,1,2,3}.

Note that

_ (@)
<Oé,5><ﬁ,0é> - 4’06’2|5’2

where 6 is the angle between the two roots. This yields the following table
of possibilities, assuming |5| > |a| and 8 # ta:

= 4cos® 0

(a, B) | (B,) | O 181/]]

0 0 7/2 | undetermined
1 1 | n/3 1

-1 | -1 |2n/3 1
1 2 | /4 V2

-1 —2 | 37/4 V2
1 3 | w/6 V3

-1 —3 | 57/6 V3

If B # +a are roots, the a-string of roots containing /3 is the set (5 +
Za) N .

Lemma 7.5 (String property). The a-string of roots containing [3 is of the
form {B +ia: —p <i<q} where p,g >0 and p—q= (B,a) < 4.
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The table and this property allow us to determine the root systems (at
least in low dimensions).

A subset A of @ is called a fundamental system or base for the root
system (V, ®) if it is a basis for V' and every root  can be written as an
integral linear combination of elements of A with all the integer coefficients
having simultaneously the same sign. Given a choice of base, roots in A are
called simple. Roots that are positive (resp. negative) linear combinations
of simple roots are called positive (resp. negative), and denoted ®* (resp.
®7), so that ® = ®TII®~. It can be shown that every abstract root system
has a base.

Given an abstract root system (V, @), the subgroup of GL(V') generated
by all reflections s, for all a € ® is called the Weyl group of ® and denoted
W(®).

Proposition 7.6 (Properties of the Weyl group). We have:
1. The Weyl group W(®) is a finite group.
2. W(®) permutes the roots.

3. Given two sets of positive roots, there exists an element of the Weyl
group that takes one to the other.

4. Given two sets of simple roots, there exists a unique element of the
Weyl group that takes one to the other.

5. W(®) is generated by reflections of simple roots.

6. Given a root «, there exists a simple root a; and s € W(®) such that
a = s(a;).

Note that (4) in the above proposition says that there is a bijection
between sets of simple roots and elements of the Weyl group. The Weyl
group is an example of a Coxeter group.

An important property of irreducible root systems is the following:

Proposition 7.7. If ® is an irreducible root system, then at most two dif-
ferent lengths occur in ®, and furthermore all roots of a given length are
conjugate under the action of the Weyl group.

When two different lengths occur, we talk of short and long roots, so
every root is therefore either short or long.

It turns out that a fundamental system for an (abstract) root system
determines it. For this, we want to take one level of abstraction up and
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isolate the notion of a fundamental system. Here is the definition: an ab-
stract fundamental system is a pair (V,A) where V is a finite-dimensional
Euclidean space and A = {aq, ..., ay} is a choice of basis with the property
that

(ai, o)
(), @)
(in fact, as above, the only values this can take are 0, —1,—2,—3). As for
root systems, two abstract fundamental systems are isomorphic if there is
a similarity between the Euclidean spaces taking one basis onto the other
or, equivalently, a linear isomorphism taking one basis onto the other and
preserving the Cartan integers. The notion of irreducibility goes as for root
systems.

The properties above imply the following;:

<Oéi, Oéj> =2 S Z§O

Theorem 7.8. The passage from an abstract root system to a fundamental
system explained above induces a bijection

<abstract root)

abstract fundamental
systems

Systems

o

isomorphism isomorphism

which makes corresponding irreducible abstract root systems with irreducible
abstract fundamental systems.

Proof. The well-definedness follows from the notions of isomorphism, the
fact that every root system has a base, that any two fundamental systems
are related by an element of the Weyl group (hence an isometry), and the
property that distinct simple roots «a, 8 satisfy that («, 8) < 0 because a— 3
can be seen not to be a root, and one can show that if («, 5) > 0 then either
a—fBis aroot or a« = B. The fundamental system of a root system uniquely
determines it: indeed, by the proposition above about the properties of the
Weyl group, (5) says that this is generated by the fundamental system, and
by (6) the rest of the roots can be recovered by applying the Weyl group to
the fundamental system. This proves both injectivity and surjectivity. [J

To each abstract fundamental system, we will associate a so-called Car-
tan matrix. Here is the relevant definition: an abstract Cartan matriz is an
integral square matrix C' = (¢;;) € M, (Z) satisfying:

1. Ci; — 2,

2. ¢;j <0 for all ¢ # j,
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3. ¢;j = 0 if and only if ¢j; = 0,

4. C'is symmetrisable, i.e., there exists a diagonal matrix D with positive
entries such that DCD™! is a symmetric, positive definite matrix.

Two abstract Cartan matrices are isomorphic if one is conjugated to the
other by a permutation matrix (the base change matrix between two bases
that differ by some permutation of indices), that is, they differ by changing
the enumeration of the indices of one of the matrices. An abstract Cartan
matrix is reducible if, for some enumeration of indices, the matrix is block
diagonal (with more than one block), otherwise it is irreducible. Obviously,
several abstract Cartan matrices can be arranged as the blocks of a block-
diagonal matrix yielding a new abstract Cartan matrix. The converse also
holds: any abstract Cartan matrix, after a suitable enumeration of indices
(i.e., is isomorphic to), can be written in block-diagonal form with each block
an irreducible abstract Cartan matrix.

It is important to note that the diagonal matrix D from (4) in the above
definition is essentially unique:

Lemma 7.9. Let C be an abstract Cartan matriz in block-diagonal form
with each of the blocks an irreducible abstract Cartan matriz. Then the
associated matrix D is unique up to a multiplicative scalar on each block.

Proposition 7.10. If C is an abstract Cartan matriz and i # j, then
1. cijjej < 4.
2. ¢; €{0,-1,-2,-3}.

In particular, if ¢;;j = —2 or —3, then cj;; = —1.

We will now associate, to every abstract fundamental system (V, A), an
abstract Cartan matrix C(yay. If A = {a1,...,an} is the set of simple
roots, then define

Cva) = ({as, 25)).
Theorem 7.11. We have:

1. C(y,a) is indeed an abstract Cartan matriz.

2. Isomorphic abstract fundamental systems give isomorphic Cartan ma-
trices.

3. An abstract fundamental system is determined, up to isomorphism, by
its Cartan matriz.
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4. Any abstract Cartan matriz arises as the Cartan matriz of an abstract
fundamental system.

5. A fundamental system (V,A) is irreducible if and only if the Cartan
matriz C(y,a) is irreducible.

The previous theorem says that there is a bijection:

<abstract fundamental> (abstract Cartan>

systems matrices

isomorphism isomorphism

Indeed, (1) — (3) says that the passage (V,A) = C(y,) is well-defined, (4)
says that the map is injective, and (5) that it is surjective. Furthermore, (6)
says that this bijection makes correspond irreducible fundamental systems
with irreducible Cartan matrices.

About the proof. (1) is standard, see e.g., Knapp Proposition 2.52. Note
that one can take D = diag(|au],...,|aq|) to check that the Cartan matrix
is symmetrisable. (2) is obvious by definition. (3) First, we can recover the
norms of the simple roots from the diagonal matrix D (up to a proportion-
ality constant). With the entries of the Cartan matrix and these values, the
inner product is fully determined (up to a constant). The root system is
recovered from the simple roots because of (5) and (6) from the proposition
about the properties of the Weyl group. (4) requires a case-by-case analysis
of the Dynkin diagrams. (5) See Knapp Proposition 2.54. O

The datum of an abstract Cartan matrix can be encoded in a planar
graph called the Dynkin diagram. Here is the definition: if C' € M, (Z)
is an abstract Cartan matrix, the abstract Dynkin diagram associated to
C' is the planar graph D(C) that has n (the size of C') vertices, and the
vertices ¢ and j are connected by c¢;jc;; = 0,1,2,3 edges. If ¢;cj = 2,3
and |c;j| < |cji|, then the corresponding double/triple edge is decorated
with an arrow from ¢ to j. An isomorphism of Dynkin diagrams is a graph
isomorphism that preserves the orientation of the additional arrows.

The Dynkin diagram fully determines the Cartan matrix: indeed, if there
are no edges between vertices ¢ and j, then ¢;jc;; = 0 and so one of them
is 0, but by the defining property c¢;; = ¢j; = 0. Now if one edge connects
t and j, ¢jjc;; = 1 and necessarily ¢;; = ¢j; = —1. If two or three edges
connect ¢ and j, ¢;jcj; = 2,3, then necessarily one of them equals 1 and the
other 2,3; and this is decided by the direction of the arrow: from ¢ to j if
lcijl < ejil-
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This establishes a bijection

<abstract Cartan> (abstract Dynkin)

matrices diagrams

isomorphism isomorphism

(surjectivity comes from the definition). Obviously, irreducible Cartan ma-
trices correspond to connected Dynkin diagrams.

The classification of root systems, fundamental systems, and Cartan
matrices is then reduced to the classification of connected Dynkin diagrams.
See Samelson’s book for a readable proof.

Theorem 7.12 (Classification of Dynkin diagrams). The following list ex-
hausts all possible connected Dynkin diagrams, and all diagrams are pairwise
non-tsomorphic:

An’n>0 o—C0O— s+ —0O0—20 E
B,n>1 O—O— +++ —QOJO !
C,n>2 O—0O— +++ —QOCO
" o—@—i—o—@—@—@
D, n>3 O—O——O<Z

Fy, o—aoyo—o0
e O—O—I—O—O
G, =0
In the figure, n indicates the number of vertices. The diagrams A,,, B,,
Ch, D, are called the classical diagrams, whereas Eg, F7, Eg, Fy, Gy are

called the exceptional diagrams. For completeness, let us also write down
the Cartan matrices corresponding to these Dynkin diagrams:

2 -1 0 0 2 -1 0 0
-1 2 -1 -1 2 -1

Av=1 0 -1 2 o | Bo=1 0 -1 2 0

-1 : -1

0 0 -1 2 0 0 —2 2
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2 -1 0
2 —1 0 0
~1 ~1
-1 2 -1
0 -1 0 0
Co=| 0 -1 2 0 |» Dn= )
. - . 27171
: o =2 ,
0 0 -1 2 : -2 0
0 -1 0 2
2 0 -1 0 0 0 S
0 2 0 -1 0 0
0 2 0 -1 0 0
1 0 2 1 0 o 1 0 2 -1 0 0
Ee = ., Er=| 0 -1 -1 2 -1 0
0 -1 -1 2 -1 0
0 0 0 -1 2 -1
0o 0 0 -1 2 -1
o 0 0 o0 1 9 0 0 0 0 -1 2
0 0 0 0 0 -1
2 0 -1 0 0 0 0 0
0 2 0 -1 0 0 0 0
-1 0 2 -1 0 0 0 0
p_| 0 -1 -1 2-1 0 0 0
*“1 0o 0o 0 -1 2 -1 0 0|
0o 0 0 0 -1 2 -1 0
o 0 0 0 0 -1 2 -1
0o 0 0 0 0 0 -1 2
2 -1 0 0
-1 2 -2 0 2 -1
B=l 0 1 2 2| G2_<—3 2>'
0 0 -1 2

7.2 Classification of Complex Semisimple Lie Algebras

To close the circle, and finish what we came to do here, we would like to
explain how to construct a root system out of a semisimple Lie algebra, and
how the root system allows us to reconstruct the Lie algebra.

Let h be an abelian complex finite-dimensional Lie algebra, and let (V, p)
be a finite-dimensional h-module. Given « € h*, set

Vo :={v € V: p(h)v = a(h)v Vh € b} = [ ker(p(h) — a(h)Id).
heh

If V,, # 0, the corresponding « € h* is called a weight, and V, is called a
weight space. Write TI(p) for the set of weights.
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Theorem 7.13 (Weight Space Decomposition). Let b be an abelian com-
plex finite-dimensional Lie algebra, and let (V,p) be a finite-dimensional
h-module. Then I1(p) is nonempty. Moreover, if each p(h) is semisimple for
all h € b, the V' decomposes as a direct sum of weight spaces,

V= @ V...

a€ll(p)

Proof. Let hy,...,h, be a basis for h. p(h1), as a complex endomorphism,
has some eigenvalue o, and let E; := V,,, for the corresponding eigenspace.
By the key observation, all p(h) : V. — V preserve Ej, i.e., they restrict
to maps E; — Ej. Consider such a restriction for p(hg) : E1 — FEj. The
same story: it has an eigenvalue ay with corresponding eigenspace Fo C Fj.
The moral is that we get a sequence 0 # E,, C --- C Ej such that h; acts
as multiplication by «; on E;. Define o : h — C by a(h;) = ;. Then by
construction 0 # E, C V,, i.e., a € II(p).

For the decomposition, one argues similarly: since p(h) is diagonaliz-
able, let 1, .., be the different eigenvalues of p(h;), and let V = &;V),
be the eigenspace decomposition. We can again restrict p(hg) to each of the
pieces, p(h2) : V,,;, — V,,,. This restriction is again diagonalizable, so each
Vi decomposes as Vi, =V, yi ©--- &V, A where the )‘é‘ are the different
eigenvalues. The story continues again. In total, we get a decomposition
V =V ®- - ® Vy such that h; acts by a scalar o;; € C on V;. Define
a; : h = C by «j(hj) == ;. Note that all the «; are pairwise distinct,
because the eigenvalues were chosen to be distinct for each h;. It readily
follows that V; = V,,, hence we are done. O O

We will apply the previous result in the following context: let g be a
complex finite-dimensional semisimple Lie algebra. A Cartan subalgebra
is a maximal abelian sub-Lie algebra b consisting only of ad-semisimple
elements. In a semisimple Lie algebra, such a Cartan subalgebra always
exists, and it is nontrivial. If g is semisimple, then it is not solvable (i.e., g has
no solvable ideals; in particular, g cannot be solvable). Not solvable implies
not nilpotent as we saw before, and by Engel’s theorem, there must be an
element x which is not ad-nilpotent. The Jordan-Chevalley decomposition
theorem says that any endomorphism decomposes as the sum of a semisimple
(=diagonalizable) endomorphism and a nilpotent one. Hence for ad(z),
the semisimple part cannot be zero. The subalgebra generated by all ad-
semisimple elements, which is abelian, is the Cartan subalgebra.

We now fix for once and for all a choice of Cartan subalgebra h and
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consider the restriction of the adjoint representation to b,
ad : h — gl(g).

A nonzero weight for the adjoint representation is called a root, and the set
of roots is denoted by ®. Each of the weight spaces is a root space, and
by the weight space decomposition theorem, we get the so-called root space

decomposition:
9=009 P ga:
acd

where

0o ={x €9:[h,z] = alh)x Vh € h}.
Note that go = ker(ad|y) =: Cy(h), the centralizer of b in g.

Theorem 7.14. Any Cartan subalgebra is self-centralizing, i.e., go = Cq(h) =
h.

Therefore, the root space decomposition can be rewritten as

g:h@@ga'

acd

Proposition 7.15. (Properties) We have:

1. If o, B € b*, then [ga, 98] C Ga+8;

2. Ifa, B € b* and B # —a, then the respective root spaces are orthogonal,
K’(ga? 9,3) = 0;

3. The restriction of k to b is also non-degenerate.

Property 3. says that the Killing form gives rise to an isomorphism
b0, he k(b —).

Given a € h*, its image under the inverse of this isomorphism is denoted
to. In other words, ¢, is the unique element such that a = k(ts, —). This
allows us to define a bilinear form on bh*:

(o, B) == K(ta,tg).

Of course, the theorem will be that these roots give rise to an abstract
root system. Now we have to construct a (real) Euclidean vector space for
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these roots to live, so far we are working over C. In order to understand
why we can restrict to reals from complex numbers, we first need to under-
stand how integers appear in quotients involving the defined inner product
in h*. The answer is: every complex semisimple Lie algebra g has a copy
of sl(2,C) inside, so that g can be seen as an sl(2,C)-module, and inte-
gers will emerge from the fact that the s[(2,C) triple acts by integers on a
simple s[(2, C)-module. The following is Proposition 1.15.8 in Hazewinkel-
Gubareni-Kirichenko:

Proposition 7.16. (Properties) Let o € ®. We have:

1.

2.

3.

7.

8.

® spans h*,
If a € O, then —a € P,
If v € go and y € g—o, then [z,y] = k(z,y)ta,

[0, 0-a] C g0 = b is a I-dimensional linear subspace spanned by t,,
i.€., [Bas8—a) = C - ta,

a(ty) = k(ta,ta) # 0,

For any x € g, there exists an elementy € g_., such that the elements
x,y, h = [x,y] span a 3-dimensional simple subalgebra S, isomorphic
to sl(2,C) via

(0 (00 L (10
0o0) Y 10)° 0 —1)°

We will write x4, Yo, ha to emphasize the dependency on the choice of
T001.

ha = wieemy and ha = h_q.

dimg, = 1. Hence Sq = ga D g—a ® Chq.

Each of the h,, is called a coroot. The (additive) subgroup generated by
the coroots is called the coroot lattice.

I want to explain using the above proposition how the Cartan integers
are indeed integers. Let «, 8 € ®. The a-root string through (5 is defined as

9Ba = @ 9p+na-

neL
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It follows from the property that [ga,9s] C ga+s and the one stating that
[z,y] = k(x,y)ts that gg, is invariant under the actions of x4, yq, ha, and
SO gga is in fact an S, = slp-module. Now, the elements of gg, satisfy
[h,z] = (B + na)(h)x for h € b, in particular for h,. In particular, the
eigenvalues of ad(hq) in ggo must be

(B +na)(ha) = B(ha) + 2n,

where we have used that a(hy) = 2a(ta)/k(ta,tea) = 2. But, from the
representation theory of sls, we know that h,, has integral eigenvalues. Hence
B(ha) € Z. But we have

S )

hence % €.

Let us now explain how to construct the real Euclidean vector space
where our roots will live (now they live in h*, which is a complex vector
space!). The first observation is that ® spans h*: suppose it does not. Then
there is some 0 # h € b such that a(h) = 0 for all « € &. But then for any
T € Ga, [h, 2] = a(h)x =0, and for any h’ € h we also have [h, h'] = 0 since
b is abelian. So h commutes with all generators of g, hence it lives in the
centre Z(g). But Z(g) = 0 because g is semisimple. Therefore, choose a basis
i, ..., an of h* consisting of roots. Now I claim that any other root 5 € ® is
a rational linear combination of the «;’s. For let 5 = cia1 +coa+- - -+cpay,
with ¢; € C. For each j, (8, ;) = > 1" ¢i(ai, o), ie.,

Consider the right-hand side of the previous equation as a system of n lin-
ear equations with unknowns ¢; with integer coefficients, since these are
Cartan numbers. Because the a;’s form a basis for h* and (—,—) is non-
degenerate, the matrix ((;, cyj)) is nonsingular, hence neither is the matrix
((a, @) /(aj, 5)). Hence the system has a unique solution over Q.

This implies that ® C spang(a,...,a,) C b*. Let Eg := spang(a,...,an),

a rational vector space. Now I claim that (—, —) is positive definite on this
rational vector space. This readily follows from the following: if A € bh*,

(M A) = klta,ta) = Tr(adtyadty) = Y B(ta)” =D (8,

Bed Bed
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where in the third equality we have used that adt), acts on gg by multi-
plication by fB(adty). So (—,—) is positive semi-definite, and since it is
non-singular, it has to be positive definite. The real Euclidean vector space
we were looking for is then F := Eg ®g R.

Theorem 7.17. Let g be a compler semisimple Lie algebra and let §h be a
choice of Cartan subalgebra. Then the construction above of (E,®) is an
abstract root system. Moreover, the Lie algebra is simple if and only if the
root system is irreducible.

In fact, one can also show that the construction of the root system is
independent of the choice of Cartan subalgebra (this is a very deep result).

Theorem 7.18. Let g be a complexr semisimple Lie algebra, and let hy, bo
be two Cartan subalgebras. Then there exists an automorphism ¢ : g — ¢
such that p(h1) = ha.

The dimension of any Cartan subalgebra is called the rank of the Lie
algebra.
The two previous theorems combined establish a well-defined map

complex semisimple abstract root
Lie algebras systems

isomorphism isomorphism

The last thing we want to do is to prove that this map is a bijection.
Let us start proving that it is surjective.

Let g be a (complex finite-dimensional) semisimple Lie algebra, and con-
sider a fundamental system A = {«1,...,a,}. For every i, consider gener-
ators x; := Tq,, Yi '= Ya,, and h; 1= hqy, of S,,.

Proposition 7.19. The elements x;,y;, h; fori=1,...,n span g, and they
satisfy the following relations:

1. [hi hy] =0,

2. [xi,yi] = hi,

3. [z, y;) =0ifi # 7,

4 [hi, 5] = cjizj,

5. [hisy;] = —cjiy;,

6. (adz;) ~%i(z;) =0 ifi # 4,
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7. (ady;)' " (y;) = 0 if i # j,
where C' = (c;j;) is the Cartan matriz associated to A.

The generators in the preceding proposition are called the standard gen-
erators or Chevalley generators. The relations (1)-(7) are called the Serre
relations. These form in fact a complete set of relations for any semisimple
Lie algebra:

Theorem 7.20 (Serre). Any complez, rank n semisimple Lie algebra g is
isomorphic to the free Lie algebra with generators x;,y;,h; fori=1,...,n
subject to the Serre relations.

Serre’s theorem gives injectivity of the above passage. The following
theorem establishes its surjectivity.

Theorem 7.21 (Existence Theorem). Let C' be an abstract Cartan ma-
triz of size n, and let g be the free Lie algebra with generators x;,y;, h; for
i =1,...,n subject to the Serre relations. Then g is a finite-dimensional
semisimple Lie algebra with Cartan matriz C.

Note that Serre’s theorem allows lifting isomorphisms of root systems to
Lie algebra isomorphisms. Finally, we arrive at the complete classification
of finite-dimensional, complex semisimple Lie algebras.

Theorem 7.22. The above constructions give bijections

(complex semisimple) <abstract root> <abstract fundamental)

Lie algebras o systems ~ systems
isomorphism isomorphism isomorphism
abstract Cartan abstract Dynkin
~ matrices o~ diagrams
isomorphism isomorphism

Under these bijections, simple Lie algebras correspond to irreducible abstract
root systems, irreducible abstract fundamental systems, irreducible abstract
Cartan matrices, and connected Dynkin diagrams.

Theorem 7.23 (Classification of Simple Lie Algebras). The simple Lie
algebras a,, by, ¢y, 0n, €6, €7, ¢8, 4, and g have associated Dynkin diagrams
Ay, By, Cy, Dy, Eg, E7, Eg, Fy, and Go, respectively. Therefore, these are the
only simple complex Lie algebras, up to isomorphism.

Any finite-dimensional complex semisimple Lie algebra is, therefore, iso-
morphic to a finite direct sum of copies of these simple Lie algebras. This
completes our classification.
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8 Representation Theory of Complex Semisimple
Lie Algebras

Let us put into practice what we learned about semisimple Lie algebras to
completely classify its representation theory. The first step is to realize that
it suffices to focus on simple g-modules:

Theorem 8.1 (Weyl). Any finite-dimensional representation of a finite-
dimensional complex semisimple Lie algebra is semisimple (i.e., completely

reducible).

The main theorem will say that simple g-modules are in one-to-one corre-
spondence with the so-called dominant weights. For the rest of this section,
let us fix a finite-dimensional complex semisimple Lie algebra g with Cartan
subalgebra b, root system ®, fundamental system A, and Weyl group W.

Recall that given a representation V' of g, a weight is an element A € h*
such that Vy = {v € V| hv = A(h)v Yh € b} # 0, and V}, is called a weight
space. We denote I = II(V) for the set of weights of V. It is immediate that
for a root o € ®, we have go (V) C Vi indeed if 24 € go and v € V), we
have

h-zo-v=1[hxo] - v+ze-h-v=0ca(h)xe v+ Ah)ze -v= (a+A)(h)zy-v.

A highest weight for V' is a weight A € II (i.e., V) # 0) such that A\ +
a g ® for all « € 4 (ie., Viyrq = 0 for all positive roots). Clearly, any
finite-dimensional representation has a highest weight. A mazimal vector
(of weight \) is an element 0 # vt € V) which is killed by all g, for any
a € d,ie., x4 v =0. Clearly, any nonzero vector of highest weight is
a maximal vector, but the converse is not true. A standard cyclic module
(of highest weight \) is a representation V' which is generated by a maximal
vector of weight ), i.e., V = U(g) - v*. The name is, of course, correct: \ is
indeed a highest weight for V. Indeed, if

n= @ga and n” = @gm

CY€<I>+ acd_
the root space decomposition is rewritten as
g=n Shdn

(where b := b @ n is the so-called Borel subalgebra of g). By the PBW
theorem, we then have

V=U(gv" =Um )UMH)UM)" =Unm )T,
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because the U(n) part gives multiples of v+ and the U(h) part kills v, so
all other weights of V must be lower than A. In particular, this also implies
that dim V) = 1, and that in the weight space decomposition V' = ©Vj of
V, the rest of weights are smaller, i.e., they are all of the form A — %" k;a;
with k; > 0.

Proposition 8.2 (Properties). Let V' be a standard cyclic module of highest
weight X. Then:

1. 'V s indecomposable,

2. Any quotient of V' is again a standard cyclic module of highest weight
A,

3.V has a unique mazimal (proper) submodule, and a corresponding
unique irreducible quotient,

4. If V is irreducible, then v is the unique mazimal vector in V (up to
nonzero multiples), i.e., the mazximal weight X\ of V is unique.

Now the obvious question is: are there standard cyclic modules out
there? The answer is affirmative, and there is a unique one for each possible
weight A € h*:

Theorem 8.3 (Existence and Uniqueness of Irreducible Standard Cyclic
Modules). Let A € b*. Then there exists, up to isomorphism, a unique
irreducible standard cyclic module V (X\) of highest weight A (which might be
infinite-dimensional).

I want to explain how to construct such a module V(A). The key ob-
servation is that such a V(\) = U(g)v™, viewed as a b-module, contains
a 1-dimensional submodule spanned by v*. Then: consider Dy := Cov*
viewed as a b-module, with h - vt := A(h)v™ for h € h and = - vT := 0 for
z € n. Now from a b-module we can pass to a g-module by the induced
representation (extension of scalars):

Z(A) :==U(g) ®u(v) Da-

This module is called the Verma module of weight A. It is not hard to see
that Z(\) is a standard cyclic module of weight A. Now, if Y()) is the
maximal proper submodule of Z(\), then V(\) := Z(X)/Y ()\) is irreducible
and a standard cyclic module of highest weight A by the above proposition.
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Corollary 8.4. Any finite-dimensional simple g-module is isomorphic to a
standard cyclic module V (\) for some X € h*.

Proof: Suppose V is a finite-dimensional simple g-module. Then V has
at least a maximal vector v of some weight A\. The submodule U(g)v™ it
generates must be, by irreducibility, the whole thing, V = U(g)v™, i.e., V is
an irreducible standard cyclic module. By the uniqueness, V' = V(). O

The remaining question is: for what A € bh* does the representation
V(XA) happen to be finite-dimensional? Let us write A = {aq,...,a,} for
the fundamental system. For every ¢, consider generators z; := xq,, yi :=
Yo, and h; = hq, of S,,. Recall that hi,..., h, form a basis for h. An
integral weight is an element A € h* such that \(h;) € Z for all i (recall that
A(hi) = (A\ya;)). An integral weight is dominant if A(h;) € Z>¢ for all i.
The fundamental dominant weights are the elements of the dual basis of the
hi’s, Ai(h;) = 6;5. We write A for the set (lattice) of integral weights, and
AT for the set of dominant weights. It is clear that

A=Z\M @ @ZN, and AT =ZN)N @ - ©NA,.

Also note that the Weyl group W acts on A, since it acts by isometries (or
just look at the reflection formula). One more definition: the root lattice is
the subgroup A, C A spanned by ®.

Theorem 8.5. Let A € h*. Then the unique irreducible standard cyclic
module V() of highest weight X is finite dimensional if and only if X\ is
a dominant weight. In such a case, the Weyl group W acts on II(V()\))
permuting the weights, and the weight spaces of each orbit have the same
dimension, dimV, = dim V;, for o € W.

The upshot of the above results is:
Theorem 8.6. There is a one-to-one correspondence

finite-dimensional
simple g-modules

A S L A=V,

isomorphism
The set of finite-dimensional g-modules is, in fact, a semiring endowed with
the direct sum and tensor product of g-modules. Given a set X, recall that
the free commutative monoid generated by X is N[X], i.e., finite expressions
Zi n;z;. Since AT is also a commutative monoid, let us denote the basic
elements 1-\ € N[A1] as e(\) (otherwise A + p could refer to A+ p € AT or
1\ + 1p € N[AT]). Note that N[AT] = N[{irreducibles}].
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Corollary 8.7. There is a commutative monoid isomorphism

g-modules

(ﬁnite—dimensional)
NAT = isomorphism ’ ZZ: nie(pi) = @”ZV(M)

Now, since A" is a commutative monoid, N[A™] is, in fact, a commutative
semiring (this is the analogous of the group ring for monoids/semirings),
with multiplication dictated by e(X)e(u) := e(A + p). Since AT even has a
basis, then we have that

N[AT] 2 N[N\ @ - - @ N\, 2 Nfuy, .. ., un],

the semiring of polynomials with non-negative integral coefficients. However,
the map from the preceding corollary fails to be a semiring map, since it
would imply that V(A) ® V(u) = V(A + ), which is very false in general, cf.
the Clebsch-Gordan formula for slo. We can, however, modify the previous
monoid isomorphism and lift it to a semiring isomorphism. The observation
is that the variable w; corresponds to e(\;) which in turn corresponds to

V(Ai).

Theorem 8.8. The unique semiring map

g-modules

(ﬁnite—dimensional)

N[ut, . .., up] —

isomorphism
s an tsomorphism.

Proof. The key observation is that if v,v’ are maximal weight vectors of
V(N), V(1) of weight A, i, then v ® v’ is a maximal weight vector of V/(\) ®
V(u) of weight A + p. Since dim V' (\)y = 1 = dim V' (u),, this implies that
dim(V(X) ® V(1)) a4 = 1, so in the decomposition of V(A) ® V(u) in irre-
ducibles, V(X 4+ ) must appear exactly once, and all other representations
occur with smaller weight.

To see surjectivity of the map, it suffices to consider irreducible repre-
sentations by the additivity of the map. Inductively, given V =V (> n;\;),
the image V(A\)®*1 @ @ V/(A\,)®F of u]' - - - ukr is the sum of V(3 ni\i)
and other irreducible with smaller highest weight, which by induction are
already in the image. Injectivity is similar. O
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8.1 The Representation Ring Rep(g)

The representation ring Rep(g) of a Lie algebra g is given by the Grothendieck
construction applied to the semiring of g-modules. That is, Rep(g) is the
quotient of the free abelian group generated by finite-dimensional g-modules
modulo the subgroup spanned by the relation [V & W] = [V] + [W]. Of
course, this is the same thing as the Grothendieck ring of the category of
finite-dimensional g-modules, Rep(g) = K (Modg). This becomes a commu-
tative ring with the product [V] - [W]:= [V @ W].

Applying the Grothendieck construction to the semiring isomorphism
above we get an isomorphism

Z[ui,. .., un] — Rep(g).

Next we would like to give another description of the representation ring,
via the so-called formal character.

Let A be the lattice of integral weights, which is a free abelian group
generated by the fundamental dominant weights A;’s. Given a dominant
weight A, we have already mentioned that V() is finite-dimensional and
all weights u of V() are, in fact, integral weights, which are smaller. By
Weyl’s theorem, this implies that any finite-dimensional representation has
only integral weights, i.e., IT C A. We consider the integral group ring Z[A],
and as above, we put e(\) for their basis elements, with product e(A)e(u) :=
e(A+ ).

Given a finite-dimensional representation V' of g, the formal character
of V is

ch(V) =Y dim(V,)e(p) € Z[A].
The action of the Weyl group on A extends to the group ring in the obvious
way, ge(A) :=e(o ).
Proposition 8.9. The formal character satisfies the following properties:
1. It is additive, ch(V & W) = ch(V') + ch(W),
2. It is multiplicative, ch(V @ W) = ch(V) - ch(W),
3. 1t is invariant under the action of the Weyl group, o(ch(V')) = ch(V),

4. Any element of Z[A] which is fixed by the action of the Weyl group
can be expressed, in a unique way, as an integral linear combination
of ch(V(X)) for A € AT.
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Items (1) and (2) imply that there is a well-defined ring homomorphism
ch : Rep(g) — Z[A],
item (3) says that the image of ch is contained in the subring Z[A]" of
W-invariants, so we get a ring homomorphism
ch : Rep(g) — Z[A]",
and (4) that the previous map is a bijection, hence we obtain

Theorem 8.10. The formal character induces a Ting isomorphism
ch : Rep(g) — Z[A]Y.

Furthermore, by the Weyl theorem, the semiring of isomorphism classes
of finite-dimensional representations is cancellative, i.e., a g-module isomor-
phism V@ Z =2 W& Z implies V =2 W. Therefore, two representations V, W
are isomorphic if and only if [V] = [W] in Rep(g), and by the above theorem
we get

Theorem 8.11. Two finite-dimensional g-modules V,W are isomorphic if
and only if they have the same formal character, ch(V') = ch(W).
Example 8.12. For sls, the irreducible representations are V(m), m > 0,
with highest weight m, so Z[A] = Z[Z] = Z[t,t~!], t = e(1). The generator
of the Weyl group W = Z/2 acts by t + ¢t~ hence Z[A]" consists of
palindromic polynomials, i.e.,
Rep(sly) 2 Z[t + ]

via the formal character.

Now, the weight space decomposition of V(m) gives

ChV(m) — tm + tm—Q + tm—4 NN t—m —

This implies that
ch(V(n) @ V(m)) = ch(V(n)) - ch(V(m))
(t”+1 - t_”_l)(tm+1 - t—m—l)
- (t—t1)2
tm+n+2 —gmen o 75—m—n—2 —_tn—m
- (t—t-1)2
B tm+n+1 _ tfmfnfl N thrnfl _ tfmfn+1 N N tmfn+1 _ tfernfl
B t—t1 t—t1 t—t1

=ch(Vin+m)+V(n+m—-2)+V(n+m—4)+---+V(m—n)),
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and we obtain the Clebsch-Gordan formula, which was given above, using
the preceding theorem.

Example 8.13. For a,, = sl,11, we have fundamental weights A1,..., A,
with corresponding irreducible standard cyclic modules V' = C"*! the stan-
dard representation, and A™V for m < n. So

ZIA = Z[Z") = Z[t1, 470, oty ] = Dty ety (1) T = 2t tas tga] /(B

n

The Weyl group W = &,,1 acts permuting the indices. Hence Z[A]W
consists of symmetric polynomials, i.e.,

Rep(slot1) = Z[s1, . .., sn]

where s; is the i-th elementary symmetric function on tq,...,t,11.

8.2 Weyl’s Character Formula, Dimension Formula, and Kostant’s
Formula

I want now to give a concrete formula for the formal character of the irre-
ducible representations. Recall that we are writing Ay, ..., A, for the fun-
damental dominant weights. The weight ¢ := ). \; is called the minimal
strongly dominant weight. It can easily be seen that § = %Z
given an integral weight u € A, define

w(p) = 3 sgu(0)e(on) € ZIA],

oceW

acd, O Now,

where sgn(o) := (—1)P where p is the minimum number of reflections that
gives o, in other words sgn(o) = det(o).

Theorem 8.14. Weyl’s character formula: For any dominant weight \ €
AT, the formal character of V/(\) is given by

ch(V(A)) = ‘*’(:(?;)5)

Example 8.15. For sly, we have that e(m) = t™ and hence w(m) = t"™ —
t~™. On the other hand, § = 1, hence

wlm m+1 _ 4—m—1
ch(v(m)) = 2 TR

as we saw before.
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Theorem 8.16. Dimension formula: For any dominant weight X € AT, the
dimension of V() is given by

(A+6,0) _ T (A+d.0)

dim(V(A) = [] o) 5.

O(E(I)+ OCG‘I)+

Theorem 8.17. Kostant’s formula: For any dominant weight A € AT and
any integral weight € A, the dimension of the weight space V(X), is given
by
dim(V(A),) = Y sen(o)p(o(A +6) — (1 + ),
ceW

where for an integral weight v, we have written p(v) for the number of ways
that v can be written as a sum of positive roots.
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