
Algebraic invariants of common topological
spaces

Jorge Becerra

23 June 2020

In the following:
- Sn is the n-sphere.
- Σg is the closed orientable surface of genus g, that is, Σg = T#

g
· · ·#T.

- Σg,h is the closed orientable surface of genus g and h boundary components.
-Mp is the closed non-orientable surface of genus p, that is,Mp = RP2#

p
· · ·#RP2.

- Mp,h is the closed non-orientable surface of genus p and h boundary compon-
ents.
- RPn is the n-dimensional real projective space.
- CPn is the 2n-dimensional complex projective space.
- XK is the knot complement of a knot K ⊂ S3.
- A is an abelian group (that is, a Z−module).
- F (x1, . . . , xn) is the free group generated by elements x1, . . . , xn.

1 Homology

1. Hk(Sn;A) =

{
A, k = 0, n

0 else
, n > 0.

Hk(S0;A) =

{
A⊕A, k = 0

0 else

2. Hk(Σg;A) =


A, k = 0

A2g, k = 1

A, k = 2

0, k ≥ 3.

3. Hk(Mp;A) =


A, k = 0

Ap−1 ⊕A/2A, k = 1

0, k ≥ 2.

4. Hk(CPn;A) =

{
A, k = 0, 2, 4, · · · , 2n
0, else

5. Hk(CP∞;A) =

{
A, k even
0, k odd
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6. Hk(RPn;A) =


A, (k = 0) and (k = n and odd)
A/2A, 0 < k < n and k odd

2A, 0 < k ≤ n and k even
0, else

7. Hk(RP∞;A) =


A, k = 0

A/2A, k odd

2A, k even and > 0

0, else

8. Hk(XK ;A) =

{
A, k = 0, 1

0, k ≥ 2

2 Cohomology

1. Hk(Sn;A) =

{
A, k = 0, n

0 else
(n > 0),

H•(Sn;Z) = Z[x]/(x2) , |x| = n.

Hk(S0;A) =

{
A⊕A, k = 0

0 else

2. Hk(Σg;A) =


A, k = 0

A2g, k = 1

A, k = 2

0, k ≥ 3.

Call 1 the generator of H0 = Z, α1, β1, . . . , αg, βg the generators of H1 =
Z2g, and σ the generator of H2 = Z. Then the cohomology ring H•(Σg;Z)
is given by

αiαj = 0, βiβj = 0, αiβj = δijσ.

For g = 1, we have H•(T;Z) = Z[x, y]/(x2, y2) with anticommutative
product, xy = −yx.

3. Hk(Mp;A) =


A, k = 0

Ap−1 ⊕ 2A, k = 1

A/2A, k = 2

0, k ≥ 3.

.

For p = 2, we have H•(K,Z/2) = Z/2[x, y]/(x3, y2, x2 − xy) for the Klein
bottle.

4. Hk(CPn;A) =

{
A, k = 0, 2, . . . , 2n

0, else

H•(CPn;Z) = Z[x]/(xn+1), |x| = 2
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5. Hk(CP∞;A) =

{
A, k even
0, k odd

H•(CP∞;Z) = Z[x], |x| = 2

6. Hk(RPn;A) =


A, (k = 0) and (k = n and odd)
A/2A, 0 < k ≤ n and k even

2A, 0 < k < n and k odd
0, else

Hk(RPn;Z/2) =

{
Z/2, k ≤ n
0, k > n.

H•(RPn;Z/2) = Z/2[x]/(xn+1), |x| = 1.

H•(RP2n;Z) = Z[y]/(2y, yn+1), |y| = 1.

H•(RP2n+1;Z) = Z[y, z]/(2y, yn+1, z2, yz), |y| = 1, |z| = 2n+ 1.

7. Hk(RP∞;A) =


A, k = 0

A/2A, k even and > 0

2A, k odd

Hk(RP∞;Z/2) = Z/2 for all k.

H•(RP∞;Z/2) = Z/2[x], |x| = 1.

H•(RP∞;Z) = Z[y]/(2y), |y| = 2.

8. Hk(XK ;A) =

{
A, k = 0, 1

0, k ≥ 2

H•(XK ;Z) = Z[x]/(x2) , |x| = 1.

3 Homotopy groups

3.1 Fundamental group
1. π1(S1) = Z.

2. π1(Sn) = 0 for all n ≥ 2.

3. π1(Σg) =
F (a1, b1, . . . , ag, bg)

< a1b1a
−1
1 b−11 . . . agbga

−1
g b−1g >

.

π1(Σg)ab = Z2g.

π1(T) = Z⊕ Z.

4. π1(Σg,h) = F (a1, b1, . . . , ag, bg, c1, . . . , ch−1) (because Σg,h '
∨

2g+h−1 S
1).

5. π1(Mp) =
F (a1 . . . , ap)

< a21 . . . a
2
p >

.

π1(Mp)ab = Zp−1 ⊕ Z/2Z.

π1(K) = F (a, b)/ < aba−1b >.
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6. π1(Mp,h) = F (a1 . . . , ap, c1, . . . , ch−1) (because Mp,h '
∨

g+h−1 S
1).

7. π1(RPn) = Z/2Z.

8. π1(RP∞) = Z/2Z.

9. π1(CPn) = 0.

10. π1(CP∞) = 0.

11. π1(XK) =
F (x1, . . . , xn)

< r1, . . . , rn >
, where n is the number of crossings of a diagram

of K and ri stands for the relation xkxi+1 = xixk for a positive crossing
and xkxi = xi+1xk for a negative crossing.

3.2 Higher homotopy groups

1. πk(Sn) =


Z, k = n

0, k < n

highly non-trivial, k > n

(k, n > 0)

πk(S1) =

{
Z, k = 1

0, k 6= 1

2. πk(RPn) =


0, k = 0

Z/2Z, k = 1

πk(Sn) k > 1

3. πk(RP∞) =

{
Z/2Z, k = 1

0, k 6= 1

4. πk(CPn) =


0, k = 0, 1

Z, k = 2

πk(S2n+1) k > 2

5. πk(CP∞) =

{
Z, k = 2

0, k 6= 2

6. πk(T) =

{
Z⊕ Z, k = 1

0, k 6= 1

7. πk(K) =

{
F (a, b)/ < aba−1b >, k = 1

0, k 6= 1

8. πk(XK) =

{
π1(XK), k = 1

0, k 6= 1
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4 Euler characteristic
1. χ(Sn) = 1 + (−1)n, n ≥ 0.

2. χ(Σg) = 2− 2g, g ≥ 0.

3. χ(Σg,h) = 2− 2g − h, g, h ≥ 0.

4. χ(Mp) = 2− p, p ≥ 0.

5. χ(Mp,h) = 2− p− h, p, h ≥ 0.

6. χ(CPn) = n+ 1, n > 0.

7. χ(RPn) =

{
0, n odd
1, n even

, n > 0.

8. χ(XK) = 0

5 K-theory
In the following p = 0, 1.

1. K̃(Sn) =

{
Z, n ≡ 0 mod 2

0, n ≡ 1 mod 2

K•(S2) = Z[x]/(x− 1)2

K̃O(Sn) =


Z, n ≡ 0, 4 mod 8

Z/2, n ≡ 1, 2 mod 8

0, n ≡ 3, 5, 6, 7 mod 8

2. K̃p(CPn) =

{
Zn, p = 0

0, p = 1

K•(CPn) = Z[x]/(xn+1), where x = L−1, L being the canonical
line bundle over CP1.

3. K̃p(RPn) =


Z/(2bn2 c), p = 0

0, p = 1, n even,
Z, p = 1, n odd

K̃O(RPn) = Z/2ϕ(n), ϕ(n) = #{s : 0 < s ≤ n, s ≡ 0, 1, 2 or 4 mod 8}
(eg ϕ(n) = 2 for n = 2, 3, ϕ(n) = 3 for n = 4, 5, 6, 7, ϕ(n) = 4 for n = 8,
ϕ(n) = 5 for n = 9, ϕ(n) = 6 for n = 10, 11, . . . ).
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