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Your grade is computed by adding your obtained points.

1. In this exercise we test out the proof of the Picard theorem (Theorem 3.1.1) by working out
an example. We will use the same notation and terminology as used in the proof. Our vector
space will be R* with the Euclidean norm and our vector field will be F' : R* R* given by
F(z,y,z,w) = (zw,y, z,x) and the point of interest is p = (1,1, 1,1).

(a) (0.5 points) Is the curve v : (—1,1) — R* given by v(¢) = (e, ef, e, 1) an integral curve
for F' through p?

Solution: For v to be an integral curve for F' we need that v'(¢t) = F (7/(t)). We note
that F(vy(t)) = (e',et, et, et) and 7/ (t) = (€', e?, e?,0). From this it follows that F(vy(t))
is not equal to 4/(¢), and hence ~ is not an integral curve for F' through p.

(b) (1 point) If we take the disk B to be B = {v € R* : |u — p| < 1} then can you come up
with a suitable value of M as in the proof?

Solution: There are many ways to solve this problem, one way is presented here.
We need that ||[F(x)| < M for x € B, where || - || is the sup norm. Notice that
| F(z)| = v/22w? + y2 + 22 + 22. Moreover, we have that [v — p| < 1 for v € B. From
this it follows by writing out absolute value and squaring both sides that:

(-1 +@y-12+-1)?+w-1)*<1

It follows that (x — 1)? < 1 and hence x < 2. Similarly, y < 2, 2 < 2 and w < 2.
Therefore, we get the inequality:

|F(z)]| = V22uw? + 12 + 22 + a2 < VA -4+ 4+4+4 =128
Hence, an upper bound we could pick is M = /28 = 24/7.

(¢) (1 point) Also find an upper bound £ > L for the constant L used in the proof using
section 1.2 for bounding the operator norm.



Solution: Again there are many ways to solve this problem. Notice that L =

max,ep [F'(v)]. We have by lemma 1.2.2. that [A] < /37", (A;)2

If we compute F'(z,y, z,w) w.r.t. the standard basis, we obtain the matrix:

F/(x’ y? Z? w) =

— o o 8
o O = O
O = O O
OO O8

By lemma 1.2.2. we get: |F'(z,y, z,w)| < vVw? + 22 + 3. Then again using the bounds
x <2 and y < 2 we obtain that |F'(z,y, z,w)| < v/11. We can therefore pick L = +/11.

To obtain a stricter bound, one could also use that the matrix norm is bounded by the
largest eigenvalue.

(d) (0.5 points) Find a value 7 > 0 that satisfies 7TM < 1 and 7L < 1.

Solution: Take 7 = \/% = %. Then TM = % <land 7L = % < 1, because

11 _ 28

(e) (1 point) Compute § = ¢ (y) and 8 = $(J), where v is the curve from part (a).

Solution: Using the definition of ¢ we compute:

t
2() (0 =p+ [ For(s)ds
0
:p+(et—l,et—l,et—l,et—l).

And similarly, we compute:

t
& (5) (t):p+/ Fod(s)ds
0
_ e1/2_~_1 o ot ot
27 9y b .

(f) (1 point) Which supremum norm is bigger ||y — 8| or |6 — 8||? And by how much? Or
are they the same?

Solution: We compute
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§—B= (et —e/2-1/2,0,0,0) = (—1/2 (et - 1)270,0,0)

Then we get:

16 = Bl = max; <~ {

—1/2(67—1)2’7

-1/2(e7 - 1)}

Continuing the computations for the chosen value of 7.
Similarly, we get:

y—pB= (0,0,0,1—et).
And hence:

v =Bl =1-e¢.

Now we can compute both norms for the chosen value of 7 and draw a conclusion.

2. Consider a differential 1-form w : R? — Al (Rz)* given by w = gdf + dg where f,g: R? - R
are the functions f(z,y) = e® and g(z,y) =z + y.

(a) (1 point) Compute dw.

Solution:
Notice that dg = dx + dy and df = e*dx. Then we compute:

dw = d(gdf + dg)

= d(gdf) + ddf By property 4.3.1. (1)
=dg N df By property 4.3.1. (4)
= (dx + dy) A e®dzx

= —edx N\ dy.

(b) (1.5 points) Also compute fv dw where v : [0,1]% — [0,1]? is the identity (the standard
2-cube) without using Stokes theorem.

Solution:

Using the definition of the integral over a k-form with the pull-back we get that:

/dw:/ ¥ (dw).
g [0,1]2

If we compute v*(dw), we need that v'(x,y) = idg2, so (7/(z,y))" dr = dr and
(' (z,y))" dy = dy. Then we obtain:
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=2
*
QU
£

I

(Y (z,9)" dw (y(z,y))
e* (7 (z,y)) dz A e (v (x,y)" dy
= —e%dz A dy.

Therefore, the integral becomes:

/dwz/ v (dw)
Y [0,1]

/ —edxdy
0,1]2
e.

[0,
1-—

(=)

Where the last integral is computed by using Fubini’s theorem.

(c) 1(2.5 points) Finally compute [, o w using the 1-dimensional fundamental theorem of calcu-
us.

Solution: Notice that the standard 2-cube is given by the curves 1(t) = (¢,0),
72(t) = (lvt)7 73(75) = (Oat) and 74(t) = (t7 1)
We will use:
Oy=—m,0+Y1—721+7%22=—"13+Y—Y+M"-
Then the integral

/w:/ w:—/w+/w+/w—/w.
Oy —v3+y2—yatm V3 V2 Ya V1

Hence, if we compute all these separate integrals we are done. Here, we notice that by
definition of the integral over a k-form, we obtain:

/ = /Olw(%‘(t))%-(t).

When we write out w we obtain, w(x,y) = gdf + dg = ((z + y)e® + 1) ! + €2. This
yiekds:
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wn(t) = (te' +1) € + ¢
w(2(t) = ((t+ e+ 1) +¢
w(ya(t) = (t+1)e +¢
w(a(t) = (t+1)e" +1)e' +¢€

Then, we find the integrals become:

/w:2

Y1

/w:l
Y2

/wzl
Y3

/w=1+e
Y4

Therefore, we conclude:

/w:f/er/er/wf/w
Oy s V2 Va 71

=—1+41-1—ec+2

=1-—e.

Which is the same as the answer of question (b), as one expects by Stokes’ theorem.
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