Additional exercises for “Algebraic Topology”

27th September 2018

1. Let S be a set, and A an abelian group. The A-linearization of S was defined as

AlS]:={f:S— A: f1(A—0) is finite }.

Fora € A and s € S, denote as the map sending s to a and everything else to 0. Then every
element f € A[S] can be expressed in a unique way as f = a151 + - - - + 4,55, where 4; € A and
sy € S.

Now let (A;);c] be a collection of abelian groups. The direct sum @;c; A; is the collection of tuples
(a;)ic; where only finite many a; are nonzero. It has a structure of abelian group by addition
termwise.
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Show that Z[S] is isomorphic to @sc5Z. The latter is usually called the free abelian group
generated by S .

Observe that there is a natural map of sets i : S — ZI[S] sendings € Sto1l-s € Z[S].
Show that the free abelian group has the following property: if A is an abelian group and
¢ : S — Ais a map of sets, there is a unique group homomorphism ¢ : Z[S| — A such
that poi = ¢.
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In other words,
Homg,p(Z[S], A) = Homges(S, A).

Show that the previous property is universal: if F(S) is another abelian group together with a
map j: S — F(S) such that the latter property is fulfilled, then there exists a unique group
isomorphism ¢ : Z[S] — F(S) such thatioyp = j.
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Hint: Use (a) twice; or use the Yonneda lemma if you know it.

Show that the construction of the free abelian group is functorial, that is, if S, T are sets and
f S — T is amap of sets, there is a unique group homomorphism Z[f] : Z[S] — Z|[T|
such that the following diagram commutes:

S % T
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Hint: Use (a).

2. Let {E,, F, : n > 0} be a collection of vector spaces, and set C,, := E, & F, ® E,,_1.



(a) Show that projection-inclusion maps d,, : C, — E;_1 — C,,—1 make C into a chain com-
plex.

(b) Show that every chain complex of vector spaces is isomorphic to a chain complex of this
form.

Hint. For a chain complex of vector spaces (C,0), set E,, := Imd, 1 and F, := H,;1(C).

3. Given groups G and H, the set Hom(G, H) of group homomorphisms f : G — H is again a
group homomorphism, by setting (f + f')(g) := f(g) + f'(g) and with unit element the zero
map.

Let (C,0) be a chain complex of abelian groups, and let A be an abelian group. Show that
{Hom(A, C,)} forms a chain complex of abelian groups.

4. A chain complex C is called acyclic if H,(C) = 0 for all n > 0. Give an example of such a chain
complex.

5. A chain map f : C — D is called a quasi-isomorphism if it induces isomorphisms f, : H,(C) —
H, (D) in all homology groups.

Show that for a chain complex C the following are equivalent:
(a) Cisan exact chain complex.
(b) C is acyclic.

(c) The zero map 0 — C is a quasi-isomorphism, where 0 denotes the chain complex given by
trivial groups and trivial differentials.

6. Let f : C — D be a chain map. The mapping cone of f is the chain complex Cone f defined by

(Cone f)y =Dy ®Cp1 , 05 (x,y) 1= (3Px + fu_1y, —0u_11).

(a) Check that (Cone f,9°" f) is indeed a chain complex.
(b) For a chain complex C, its shifted chain complex C[1] is given by

C[l]n =Cp1 ’ agm = —0y_1.
Show that H,(C[1]) = H,_1(C).

(c) Show that the canonical injection and projection induce a short exact sequence of chain com-
plexes
0— D — Cone f — C[1] — 0

7. Let {C'};cs be a family of chain complexes indexed by a set I.
(a) Show that setting

(EB Chy = EBCZ ;o 0(a))ier = (0a;)er

defines a chain complex @; C'.
(b) Show that the canonical injections ¢ : Ci, — @, Cl, induce a chain map i : C' — @, C".

(c) Show that @, C' has the following universal property: given a chain complex D and a family
of chainmaps f; : C' — D, there is a unique chainmap f : @; C' — D such that f o1 = f.
In other words, ‘ '
HomCh(@ Cl, D) = HHOI’I‘[Ch(CZ, D)
i 1

(d) Show that there is an isomorphism

@Hn(ci) — Hy(p CY)

whose composite with i (ciy is the map H,(C") — Hy(; C') induced by the chain map
[Ci .
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The aim of the following exercises is to recall some notions of point-set topology which will appear
along the course.

(a) Let X be a topological space. Its suspension SX is the quotient of X x I by the equivalence
relation (x,0) ~ (y,0) forall x,y € X and (x,1) ~ (y,1) forallx,y € X .
Show that 55" is homeomorphic to S"*1.

(b) The real projective space RP" is the quotient of R"*! — {0} by the equivalence relation x ~
y <= y = Axforsome A € R — {0}.
Show that IRIP" is homeomorphic to the quotient of 5" by the equivalence relation which
identifies antipodal points, x ~ —x.

(c) Let I = [0,1] The torus T is the quotient of I? by the equivalence relation which identifies
(¢,0) ~ (t,1) forall t € I and (0,s) ~ (1,s) forallt € I.
Show that the T is homeomorphic to S' x S?.

Hint: Use the universal property of the quotient topology: let f : X — Y be a continuous map, let
~ be a equivalent relation on X and let 7t : X — X/ ~ be the canonical projection. Then there
exists a continuous map f : X/ ~— Y such that f o r = f if and only if f satisfies that whenever

x ~ y, then £(x) — (1)

You might also want to use that a bijective, continuous map with compact source and Hausdorff
target is a homeomorphism.

Give an example of a pair of spaces (X, X’) such that H,(X’; A) is not a subgroup of H,(X; A) for
some n € N (formally, that the inclusion X’ — X does not induce an injection in homology).
Give an example of a pair of spaces (X, X') such that H,(X’; A) is a subgroup of H,(X; A) for
some n € N and the quotient H,(X; A)/H,(X'; A) is isomorphic to H, (X, X'; A).

Let (X, X') be a pair of spaces, let A be an abelian group and let x € X’. Show thatif H,(X’, {x}; A)
0, then the map of pairs (X, {x}) — (X, X) induces an isomorphism

Hy(X, {x}; A) & Hy(X,X'; A).

Let (X, X') be a pair of spaces and let A be an abelian group.

(a) Show that Hy(X, X’; A) = 0 if and only if X’ meets all path-components of X.

(b) Show that Hy(X, X’; A) = 0 if and only if the map H;(X’; A) — Hj(X; A) induced by the
inclusion X’ — X’ is surjective and every path-component of X meets at most one path-
component of X'.

Hint: Argue with the long exact sequence of a pair.

Let p1, ..., pm € S* be different points on the sphere. Compute all homology groups
H,(S?, {p1,...,pm}; A) for all n > 0 and all abelian groups A.
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