Proof of Proposition 3.11:

inl-1=  (*We establish the multiplication for SW. We
set the variable 1 to be sw. The bar denotes inverse. %)
vars ={s, w, 1};
m; 5 -k [Z_] := Expand[Z] /. {si Sy=> 1, wiw; =0, s;wj > Lk, wisj=>=-1k, 1isj=>-w, 5515w,

11Wj—)0, wilj->0, 1-ilj—)0, X_ .

; |5 MemberQ[vars, x] = X, X

_j |5 MemberQ[vars, x] = xk}
ml-1= (* We start by declaring the elements R and k: %)
Ki = /\1+/\25-i+/\3W1+A41-i;

Ki = X1+X251+X3W-i+X4-L-i;
Ri_,j_ t=H1,1+ M1,2Si+M1,3Wi+H1,4 i +M3,1Sj+ Mo 2SiSj+Ha,3WiSj+Hz,4LiSj+

M3, 1Wj+ M3 5 SiWj+ U3 3 Wi Wi+ 3 a4 LiWy+pa 1 L+ Ha2Si Lj+paawi i+l ]y
ﬁ-i_,j_ =Pyt M1, SitHy 3 Wit Hy g Ui + 15 1 Sj+ Uy 5SiSj+Hy 3WiSj+Hy 4 1iSj+

H3 Wi+ 35 SiWj+Hz s Wi Wy +H3 3 LiwWi+ g1 Ui+ My 5 Si i+, Wi Li+H, 115
(*We also implement the element v :%)
Vi_ =Ry zKkallmyg o, llmyg 3,4

Vi_ =Rz 1K /I my 5,0 I my 3,5

inf-1=  (#*By the previous lemma, we simply set the values of the bar variables: %)

b

o _ A A As As
{AI’AZ,A3’A4}={2 2,_2 2,_2 2’_2 2}
Al_AZ Al_AZ AI_AZ A1_A2
rulesRinv =
(Ao -(r v v, B3 =2 o o i, b3 0) (WS- 208 0 0 o v il -2 08 0 05 -
20} 2 M3, K L+ B, 2 oy B2 = 2 B LMD =2 M 5 M = 2 M5 1 M 5+ S 2))s
My, -((IJf,l H1,2 -Miz + 1,2 Hg,l -2 1,1 H2,1 M2,2%H1,2 Hg,z)/(ﬂf,l -2 llf,l I-’i,z +Fi,z =
203 B3, -2 ] o M M L H B I 2 By Moo= 2 Y L M = 2 Y 5 M = 2 M5 1 B+ S 0)s
1_11,3 - -((H%,l Hi,3 -Hi,z M1,3+ H1i,3 F%,l = H1,3 Il;%,z =2 1,1 M2,1 H2,3+2 12 M2, Ilz,s)/
(bt i-2mi it ov bl s-208 L3 - 208 15 14 5+
8 H1,1 H1,2 Mo,1 Ba,2 =2 B30 B3 2= 2 B3 2 M3 2= 2 B3 1 13 5 + 3 )5 a0 =
—((Fi,l Hi,4 —IJiz Hi,4+ H14 y%,l = HM1,4 H%,z =2 1,1 2,1 H2,4+2 1,2 M2,2 I~’2,4)/(F‘1‘,1 -2 Fi,l Fi,z +F‘I,z -
203 B3, -2 ] o D M L H B I 2 By Mo = 2 Y L M = 2 S 5 M = 2 M5 1 B3+ S 0)s
Fa,n = =((B3,0 k2,04 1 o o1 =3 =2 1 b2 b o 4 b1 15 o) [ (K- 208 0 b2 5+ it 5 -
203 B3, -2 0] o M M L+ B, o By Moo= 2 Y L M = 2 Y 5 M - 2 M5 1 B+ S 0)s
a2 =((~2 b1 b0 b0, 1+ B s 22+ 12 5 po 2+ 15 1 2,0 - 153 5) [ (M1 - 23,0 122 2 -
203 B3, -2 ] S M M L ¥ B, 2 By Mo = 2 Y L M = 2 Y 5 M - 2 M5 1 B o+ S 0)s
My 3> -((-2 H1,1 M1,3 M2,1+2 1,5 M1,3 M2,2 +F§,1 H2,3 'Fi,z H2,3 +H§,1 H2,3 -H§,2 I-'2,3)/
(yi,l_zlli,l Fi,z*ﬂi,z'zl’i,l I’%,l'zl-'i,z ”%,1"‘#3,1"‘
8 M1,1H1,2 M2,1 ”2,2_2”§,1 F%,z'zl’i,z ”%,2_2"%,1 F%,z"'l"z‘,z))’ IR
(R Y R e Ty R Ry Wy Y WY RN WY R I DU (R N R T T A
213 L 3= 2 HE o M S B L B By B2 =2 B B = 2 M8 o HE 5= 2 1 B 2 4 B3 0))s

M3, > '((Fi,l H3,1 +I-'§,2 M3,1 -F%,l H3,1 'l-’%,z M3,1—=2p1,1 H1,2 H3,2+2 [ip,1 M2, Il3,2)/
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(bt i-2mi i md o+ bl a-208 L3 - 208 15 4 5+
8 H1,1 H1,2 o1 Ba,2 =2 B30 B3 2= 2 B3 2 B3 2= 2 3 1 13 5 + 3 )5 a2
“((~2pr,0 1,2 3,14 2 2,1 b0 s 1 B a2+ B s s = B3 a2~ 3 o s ) [ (B -2 B b p e -
203 B3, -2 ] o M, M L H B I 2 By Mo = 2 Y L M = 2 Y 5 M = 2 M5 1 B 2+ S 0)s
M3 3> -((-2 M1,1 M1,3M3,1+2 Mo 1 M2 3 H3,1+2 1,2 M1,3 M3,2—2 M2 2 2,3 H3,2 +Hi,1 M3,3-
Ili,z F3,3—F§,1 F3,3+F§,2 M3,3+2 Uy 4 M2 2 Ha,1 =2 1,2 M2,4 Ha,1—2 P14 M2,1 Ha 2 +
2 y,1 M2,4 Ma2+2 U1, M2,1 Ha,a—2 H1,1 M2,2 H4,4)/(F:,1 -2 Hi,l lli,z +IJ;,2 -2 Fi,l F%,l =
203 o M3, K ¥ B, 2 o B2 = 2 B L M =2 M 5 M = 2 M5 1 M 5+ S 2))s
H3 4> -((-2 1,1 M1,4 M3,0+2 Mo 1 Mo 4 H3,1+2 1,2 M1,4 3,2 =2 M2 2 2,4 H3,2 +Hi,1 M3,4-
Ili,z H3,4 —Ilg,l F3,4+F§,2 M3,4+2 1 3 M2 2 Ha,1 =2 M1,2 M2,3 Ma,1—2 H1,3 M2,1 Ha,2+
2 43,1 M2,3 Ha,2+2 P15 Ha,1 Hay3 =2 1,1 H2,2 IJ4,3)/(F‘1‘,1 -2 Mi,l Ili,z +y‘1',2 -2 Fi,l F%,l =
203 o M3, M ¥ B 1 o By B2 = 2 B LMD =2 M 5 MG = 2 M5 1 B 5+ S 0))s
My, > -((H%,l Ha,1 +H§,z Ha,1 -F%,l Ha,1 -ll%,z Ma,1—2 1,1 H1,2 Ha2+2 Hp1 22 Il4,2)/
(p;.‘,l_zlli,l ”i,z"‘ﬂi,z'zl’i,l F%,l'zl’i,z ”%,1"‘“2,1"‘
8 H1,1 H1,2 Mo,1 Ba,2 =2 B, B3 2= 2 B3 2 B3 2= 2 B3 1 M3 5 + 3 )5 Hlaz
-((-2 H1,1 M1,2 Ma,1+2 Mo 1 2,2 Ha,1 +lli,1 Ha,2 +IJ§,2 Ha,2 -Il%,l Ha,2 -IJ%,z H4,2)/(F:,1 -2 Hi,l I-'iz +I-’i,2 =
203 B3, -2 ] o M, M L H B I 2 By M = 2 Y L M = 2 S 5 M = 2 M5 1 B 2+ S 0)s
Hi 3> -((2 Mi,aM2,20 M3,0—2 M1 2 H2,4 H3,1—2 M1,4 M2,1 M3,2+2 P11 H2,4 H3,2+2 1,2 M2,1 M3,4—
2,1 M2,2 M3,4=2 M1,1 M1,3 Ha,1+2 M2 1 M2,3 Ha,1+2 M1 2 H1,3 Ha,2 =2 [, 5 H2,3 Ha,2 +
P Ha,s =03 2 Has =131 Hays+ b3 o bays) [l -2 00 E 2+ bl 2 -2 08 1 03 -
20} 2 M3, KL+ B L, 2 B B2 = 2 B LMD =2 S 5 M = 2 M5 1 M 5+ S 2))s
Hy 4> -((2 M1,3M2,2 M3,1 =2 H1,2 H2,3 M3,1 =2 M1,3 M2,1 M3,2+2 M1,1 M2,3 M3,2+2 M1,2 M2,1 3,3 =
2 py,1 M2,2 M3,3=2 M1,1 M1,4 Ha,1+ 2 M2,1 H2,4 Ha,1+ 2 P1,2 M1,4 Ha,2 =2 H2,2 H2,4 Ha,2 +
P31 Ha,a= b3 5 Haya =131 Ha,a+ b3 5 baa) [ (bl -2 00 8 2+ bl 2 -2 08 1 03 -
203 23,1+ KL+ B, B2 o M2 = 2 Y L M =2 S 5 M - 2 M5 1 B 2+ 15 o))}
Scan[Set @@ & &, rulesRinv]
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inf-]= A= {2 A (B2,a=Ma2)s =2 A2 (M2,3-H3,2)5 —2A1 Ay (-2 Az Hg 2+ Az (F3,4+F4,3))s -2 (Hs,z Ha,1-HM3,1 Il4,2),

Out[« ]=

-2 (Ilz,z Ha,1—HM2,1 H4,2), -2A1 A3 (-2 M3,2 Ma,2+ M2 (B3,4 +I-'4,3)), 2A1 A3 (‘2 M3,1 Ma,2+ M1 (3,4 +I-'4,3)),
2A1 43 (-2 M1,3 Ma, 2+ H1,2 (M3,a+ H4,3)), -4 A A3 (Fg,z + Hﬁ,z - H2,2 (M3,3 + F4,4)),
-4 A7 A3 (F3,1 M3,2+ Ma,1 Ma,2—M2,1 (H3,3+H4,4)), -2 (F1,4 H3,2 - H1,3 ll4,2),
-4 A7 A (F1,3 H3,2 + H1,4 Ha,2 = H1,2 (H3,3+H4,4)), -2 A (-2 Ag P32+ A (F3,4+H4,3)),
41 (/\3 M3,2+ A4 Ha2—As (3,3 +H4,4)), -2A (Ilz,z H3,1-H2,1 H3,2), -2 (H1,4 H3,1-H1,3 ll4,1),
-2A (/\4 H3,1-A3 Il4,1), -2A (F1,4 H2,2 = H1,2 H4,2), -2 A (H1,3 H2,2—H1,2 F3,z),
2A4M2,2=2A3 a2y 2A3 3 2=2A; U325 =2 A (F1,4 H2,1—H1,2 Il4,1), -2A; (F1,3 H2,1-H1,2 ll3,1),
224 42,1=2A2 15 =2A3 2,142 A5 U331, =2 A (/\4 H1,3-A3 F1,4)s 224 H1,2-2 A5 P14,
—2A3 1, 2+2A P13, =2 A (2 Ay Fzzx,z + Ay (H3,2 (M3,4+ Ma,3) = 2 Ha,2 (M3,3 +H4,4))),
2474, (2 Ag Ha,1 Hap+ A (H3,1 (M3,4+ Ma,3) =2 Ha,1 (F3,3+H4,4))),
2474, (2 Ag M1,4 Hap + A2 (H1,3 (M3,4+Ha,3) =2 H1,4 (I-'3,3+H4,4))),
-2A7 A (2 A Haz+ Ay (/\3 (M3,4+Ha,3) -2 A4 (IJ3,3+IJ4,4)))s 4 A7 A5
(—((n%,l + Hi,l) I-'4,2) +Hp,1 Ma,1 (M3, + IJ4,4)), 427 A3 (-((IJ1,3 H3,1+ H1,4 IJ4,1) IJ4,2) +H1,2 Ma,1 (M3, + IJ4,4)),
'2’\i /\3 (IJ§,1 (IJ3,4+IJ4,3)+I12,1(IJ3,4+I-'4,3)-21J3,1 Ha,1 (I~13,3+IJ4,4)),
2 ’\i /\‘2‘ (Il1,4 Ha,1 (IJ3,4 + IJ4,3) +H1,3 (IJ3,1 (IJ3,4 +I-'4,3) =2 g (I~13,3 + IJ4,4))),
2 ’\i ’\g Agq Ha 1 (Il3,4 +I~'4,3) +A3 (IJ3,1 (Il3,4 + Il4,3) I (IJ3,3 +IJ4,4))),

2A7A3 (H§,3 (k3,4 + pa,3) + Ili,4 (M3,4+Ma,3) =2 1,3 M1,4 (M3,3+ Il4,4))s

477 A3 (-((Ili,3 + I-li,4) I~'4,2) +H1,2 M1,4 (M3, + IJ4,4)),
2 /\i /\3 (-/\4 Hi,4 (H3,4 + IJ4,3) + A3 (-IJ1,3 (H3,4 + Il4,3) +2 4 (H3,3 + IJ4,4))),
2 A7 A3 (/\:-2; (k3,4 + pa,3) + A (M3,4+Ha,3) =2 A3 Ag (M3,3 + IJ4,4))};

(+We start by the first case (Ry,2Ra4,3//My 451)-(R1,2R4,3//Ms;1,1)%)
vari ={S1, S2, S3, W1, Wy, W3, 11, 12, 13};

Var-iL ={"Sl"’ "52", "53"’ "W]."’ "WZH’ "W3", "11"’ "12"’ "13"};
p= (R1,2 Ra,3 1l m1,4->1)-(R1,2 Ra,3 /I m4,1-»1)§

cr = CoefficientRules[p, varil;

convert[{v__ Integer}] := StringJoin@Pick[varilL, {v}, 1];
list = (convert[First[t]] » Last[H]) &/@cr

{52W1W3 > =2 Uy a3, 2+ 2 1,2 H3,45 SoW1ls & =2 Uy 4 la 2+ 2 [ 2 Hayay SoW1 = 21 a2, 20— 2 1,2 2,4y
Sowsly = =2y 33,20+ 2 2,2 M3,35 Salils > =2y 3 a0+ 2 a2 Ha,zs Soly = 2 01,3 02,0 -2 11,2 H2,35
S3WiWp = 2 Uy a 3,2 =2 Ho 2 H3,45 S3W1ly > 2 Uy 4 la 2= 2 U 2 Hayay S3W1 = =2 [y a o 2+ 2 1,2 M2, 45
SaWoly = 2 10 33,0 -2 2,2 M3,3, S3Lilo 2 2,3 Ha,2-2 U2 2 Hayzy S3ly > =21 3,2+ 2 1,2 H2,3s
WiWo L3 = =2 U3 4 a2 +2 3,2 Ma, 4, WiWp = 2 U1 4 3,20 =2 [1,2 M3,45 WaW3lo = 2 U3 4 lg,2 =2 [43,2 Ua 4,
WiWs = =2 Uy a4 3,2+ 2 [y, o H3,4, Wilo > 2 1 4 a2 =2 U120 Ha,ay Wils & =2 Uy 4 la o+ 2 1,2 Ha,4,
Wolils > =2 3,3 a0 +2 U320 a3, Wolly & 21 3 p3,0—2 1,2 H3,3, Walailo = 2 3 3 a2 -2 3,2 Ua,3,

Wily > -2y 33, 0+2 01,0 03,3, Lilo > 21 34,2-2 1,20 Ha,3, Lils > =201 3lan+2 01, IJ4,3}

(*We need to check that the coefficients corresponding with monomials

that have no two copies of w,l vanish. We start by listing themx)

| 3
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in[- 1= Select[list, With[{lhs = #1[1]}, ws = StringCount[lhs, "w"];
1s = StringCount[lhs, "1"];
ws <2&&1s <2&&(ws <1 1ls<1)]&]

equaciones = %[All, 2]
out[« ]=

{SZWl S 21 aM2,2-2M1,0 2,45 S2lu > 201,302,202 H1,2 2,3,

SaWy = =2 U1 a2+ 2 M1, 22,4, S3L1 9> =2 U1,3H2,2+2 1,2 N2,3}

Out[« ]=

{2 Hi,alM22=2 122,45 21,3 M2,2-2 1,20 M2,3y ~2 1,4 k2,02 10 M2 4y —2 132,202 112 IJ2,3}

In[«]:= (Polynom'ialReduce[tt, A, {A3’ Aa s H1,15 M1,25 M1,35 H1,45 M2,15 H2,25 H2,3

H2,4 5 M3,15 H3,25 M3,35 M3,45 HMa,15 MHa,2s M43, H4,4}] &@ equaC‘iones) Il Simplify

Out[« ]=

H1,2
{{{_/\_’ Os Oa 01 Oa 0’ G: 01 Os Oa 01 Oa 0’ G: 01 Os Oa
2

1
~~=,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, o}, o},
2

Hi,2 1
{{0, /\_y 0) Oa O; 07 0’ O; OJ 0) Oa O; 07 0’ O; OJ 0) O’_/\_y Os O; 0)
2 2

0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, o}, 0},

H1i,2 1
{{/\_’ 0, Oa Oa Os 0, O: O’ O, Oa Oa Os 0, O: O’ O, Oa /\_’ 0, Oa Oa 0, 0:
2 2

©,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0}, 0},

Hi,2 1
{{0’ _A_,O’ 050’ 0: O’OJO, 0, 050’ 0: O’OJO, 0, 0,—,0, 050)
2 2

0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, o}, 0}}

(*If A+ 0, then I can express these coefficients as a combination of things of A,

which are zero, and I conclude. If A= 0, observe %)

mn[-1= Al.s {Ay » 0} /] Simplify

Out[« ]=
{0, 0: 0: 0, 0) 0’ O: 0) 0’ 0: O; 07 O’ O: 0> 0) 0: O; 07 2/\4112,2, 2A3N2,2: 0,

0, 2A4 12,15 =2A3 2,15, O, 2A4 1,25, -2A341,2, 0,0,0,0,0,0,0,0,0,0,0,0, 0}
(»ie either (a) A= Az =

A4=0 or (b) pi,= M2,1=M>,2=0 , and then since R invertible py; ; #0%)

(*We start with case (a):%)
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[+ ]:= (%*A2=03A3=0 3A4=0 ;%)
eqnsl = {};
vari ={s;, Sy, S3, W1, Wy, W3, L3, Ly, 13};
P = ((Re,2 Ra,3 Rs,6 M1, au1 1 My, 5.5 1 M3 63) -
(Rovo Ra,3 Ra,s 1 My, a1 a5 1 M3 6.3))
cr = CoefficientRules[p, varil;
eqns2 = Join[eqnsl, Thread[Values[cr] == 0]];
vari ={s;, wi, L;};
p= (R1,3 Ky llmy 5,0 1 m1,3->1)—(R3,1 Ko llmy 5,0 11 m1,3-»1)5
cr = CoefficientRules[p, vari];
eqns3 = Join[eqns2, Thread[Values[cr] == 0]];
vari ={s;, Sy, W1, Wo, L1, 1o};
p= ((Kl K2 R3,4 Ks Kg /I my 3,1/l my 5,1/l my 45 0 mz,s-»z)- Rl,z);
cr = CoefficientRules[p, varil;
eqns4 = Join[egns3, Thread[Values[cr] == 0]];
vari ={si1, Sz, W1, Wa, L3, 1,};
p= ((ﬁl,4 Rs,2 Ke Il my 3,1 /I my 6,0 /1 m2,4->2)— Kz);
cr = CoefficientRules[p, vari];
eqns5 = Join[eqns4, Thread[Values[cr] == 0]];

- 1= solutionslambda = Solve[(eqnss l.{A, >0, A3 >0, A, > 0}),

{/\n Mi,15 M1,25 M1,35 M1,45 M2,15 H2,25 M2,35 HM2,4 5 M3,15 HM3,25 M3,35 H3,45 Ma,15 Ha,2y M43, F4,4}]

-« Solve: Equations may not give solutions for all "solve" variables.

Out[e ]=
{{/\1—>—1, P20, 190, >0, 350, 1 4>0, U320, s 0},
A2 1, 11,250, 150, 250, th35>0, th 40, Uz, >0, > 0},
Ao -1, 01,120, u1520, 1350, 1,4>0, 150, o35 U32, s> a2, P3,1 >0, a1 > 0},

AL 1, 1,120, 120, 1,350, U140, th 150, th3- 3,2, Ma,a > a2, 3,12 0, a1 > 0},

I-’%,l H2,1 M3,2 H2,1 Ma,2
{/\1 S>-l, 11—, P12 M1, 13>~ , P1,a > ————, P2,3 > M3,2, H2,4 > a2,
H2,2 H2,2 H2,2
2 2
H2,1 M3,2 H3,2+Hy 2 —H2,2 Ha,a H2,1 M4 2 —H2,2M3,4+2 U3 2 a2
H3,1 > —, H3,3 ™ y Ma,1 > ——, Ha,3 > },
M2,2 H2,2 H2,2 H2,2
2
M3 1 H2,1 M3,2 M2,1 Ha,2
{/\1 S L, 11> -——, H1,2 > M1, B3> ——————, H1,a > ——————, U2,3> H3,2, H2,4a > Ha,2,
H2,2 H2,2 M2,2
2 2
M2,1 M3,2 H3,2+ Mg 5= H2,2 Ha,a H2,1 M4 2 —U2,2 M3,4+2 3,2 Ha 2
H3,1 > ——, HU3,3 y Ha,1 > —— Ha,3 > },
H2,2 H2,2 H2,2 H2,2

{/\l_>'ls Hi,1020, P10, 1,30, 1,40, 1 >0, P23 3,2, 2,40, 3,1 >0, lg,1 >0, IJ4’2_)0}’

Ai> 1, 11,150, 1,250, U130, 1,450, a1 >0, a3 Uz, Ha,a >0, 3,10, ts1 >0, ts - 0},

H1,2 HM3,2 H1,2 Ha 2 H2,1 M3,2
{/\1 D=1, 13> ———, U1,4> ——, 23> M32, [o,a > s, P31 D> —,
H2,2 H2,2 H2,2

2 2
H3 2 H3,2 Ha,2 H2,1 Ma,2 H3,2 Ha,2 IJ4,2}
b

H3,3 > —— s HU3,4 > — s Ma1 > ————— a3 > ————— Haa > —
H2,2 H2,2 H2,2 H2,2 H2,2

H1,2 M3,2 M1,2 Ha 2 H2,1 M3,2
{/\1 S 1l, 3>, P14 ——, 2,3 U325 P24 > Haoy 31> —,
H2,2 H2,2 H2,2
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2 2
H3,2 H3,2 Ha,2 H2,1 Ma,2 H3,2 Ha,2 Ha >
H3,3> —— , H3,a> —————, a1 > —————, g3>—, IJ4,4—>—},
H2,2 H2,2 H2,2 H2,2 H2,2
2
H3 1 H2,1 Ma,2
{/\1 > -1, 1o -—— P12 —H2,15 M1,32 0, g > ——————, 3> 0, [ 4> 42,
H2,2 H2,2
2
Hy,2 —H2,2 Ha,4 M2,1 Ha,2
H3,1 >0, k320, 33> ———————, 41> —, Hg,3 > -IJ3,4},
H2,2 H2,2
2
H31 H2,1 Ma,2
{/\1 S 1l, 1> -, M2 —H2,15 H1,3 0, 1 a > ————, 350, [h 4 s,
H2,2 H2,2
2
Hz,2 —H2,2 Ha,4 H2,1 Ha,2
3,1 >0, k320, 33> ——————, 41> —, Hg,3 > -IJ3,4},
H2,2 H2,2
2
3,1 H2,1 M3,2
{/\1 S>-l, 11—, P12 M1, 13> ————, P1,4 >0, [h 3> U302, U4 0,
H2,2 H2,2
2
2,1 H3,2 H3, 2= H2,2 Ha,4
P31 > ———— , 33> ————————, H4,1 >0, Ug 2> 0, g3 -H3,4},
M2,2 M2,2
2
M3 1 H2,1 M3,2
{/\1 S 1l, 12—, M2 21, M1,3 > -, P1,4 >0, U 3> 30, a0,
H2,2 H2,2
2
H2,1 M3,2 H3 2 = H2,2 Ha,4
3,1 > ———— , 33> ————————, 4,120, Usg 2> 0, g 3> -N3,4},
M2,2 M2,2
H2,1 M3,2 H2,1 Ha 2
{/\1 S>-1, 1221, M1,3 > ————, P1,4 > ———, 2,3 U3,2, M2,4 > Ha,2,
H2,2 H2,2
2 2
M2,1 M3,2 H3 2 M3,2 Ha 2 H2,1 Ha,2 H3,2 Ha,2 Hg 2
31> ———— 5 U3,3 > ——  U3,a > —, H4,1—>—:H4,3—>—,IJ4,4—)_}:
H2,2 H2,2 H2,2 H2,2 H2,2 H2,2
H2,1 M3,2 H2,1 Ha 2
{/\1 21, 2> -1, 13> ——————, 14> —————, I3 [3,2, U2,4 > Ha2,
H2,2 H2,2
2 2
M2,1 MH3,2 3,2 M3,2 Ma,2 H2,1 H4,2 H3,2 M4,2 Hz,2
H3j1 > ————— 5 U332 —— 34> —, N4,1—>—,H4,3—>—,IJ4,4—>—},
M2,2 H2,2 H2,2 H2,2 H2,2 M2,2
Hi,2 U3,2 H1,2 Ha,2
{/\1 S>-1l, 3>, Hi1,a> ———, U210, [y 3> U320, [2,4> Ua2,
H2,2 H2,2
2 2
H3,2 H3,2 M4 2 M3,2 M4 2 Ha o
H3,12 0, 33> —— , U3,4> —————, Ug,1 >0, Ug 3> —————, lg 4> _},
H2,2 H2,2 H2,2 H2,2
2
Hi,2 M3,2 H1,2 Ma,2 H3,2
{/\1 S 1l, 3> —————, U1,4> ———, k2,120, a3 U325 H2,4a > Ha2y U3,1 >0, U3 3> —,
H2,2 H2,2 H2,2
2
M3,2 Ha 2 H3,2 Ha 2 Hg > H1,2 M3,1 H1,2 Ha)1
M3,4> ——, 4,120, g 3> ———, g4 _}; {/\1 >-1l, 13> —, 1,4 > ——
M2,2 H2,2 H2,2 H2,1 H2,1

H2,2>0, lh 350, 450, U32->0, y3.3 >0, i3 4>0, g0, s3>0, IJ4,4—’0},

H1,2 M3,1 H1,2 Ha,1
{/\1 Sl 3> ——— 14>, 220, 350, 430, U350, U330,
H2,1 H2,1
H1,2 Ha,2
M3, >0, g 2>0, s3>0, lsg 4> 0}, {)\1 ->-1,,330, py 4> ——, 30,

H2,2
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H2,1 Ma,2 “421,2
H2,4 > Ha2s H3,1 >0, U320, 3 3>0, 3.4 >0, g 1> ————, s3>0, lg 4> —},
H2,2 H2,2
H1,2 Ha 2
{/\1 51,320, y1 4> —————, 320, 4> g2, 3,120, Y320, U33>0, 3 4->0,
H2,2

2
H2,1 Ma,2 Hz 2 H1,2 H3,2
Ma,1 > ——, Ha,3> 0, Ug 4> _}, {/\1 2> -1, 13> ——, U1,4> 0, U3 U3 2,
H2,2 H2,2 H2,2

H2,1 H3,2 Ng,z
M2, 0, 31> ———— , 33> —— , P340, g 1>0, Usg >0, Ug3->0, g 4> O}a
H2,2 H2,2

Mi,2 H3,2 H2,1 H3,2 U%,z
{/\1 21, 1,3, P1,42 0, a3 U302, 2,4 >0, 31> ———, 33> ——, 3,40,
H2,2 H2,2 H2,2
l"%,l
Ha,1 >0, fa >0, s3>0, g g4 0}, {Al »>-1,p11>-—, H1,2>—H2,1, H1,3 >0,
H2,2

H1,4 0, i3> 0, th4>0, U311 >0, y30>0, 3 3> —la,a, a,1 >0, g2 >0, tg 3> —H3,4}:

2
M3 1

{/\1 S 1,1 -—— 5 H1,2 —H2,15, M1,330, U140, 350, 4 >0, U310, U3 ,->0,
H2,2

H2,1 Ha,2

H3,3 > —Ha,ay Ha,1 > 0, a2 > 0, g 3> —IJ3,4}, {/\1 >-1, 2> -t2,1, 1,30, 14> -—),
H2,2
2

H2,1 M4,2 Hz,2
H2,3> 0, 2 4> lao, H3,1 >0, U320, 3350, 3450, g1 > ———, g,3>0, Usg,q—> —},

H2,2 M2,2

M2,1 Ha 2
{/\1 21, 2> -1, M1,320, pra>—————, U 3>0, 4> a2, U3,10 >0, U32>0, y3.3->0,
H2,2
2
H2,1 Ha 2 Mg, H2,1 H3,2
3,420, g1 > ————, Ug3>0, g4~ _}, {Al > -1, 12> -lp1, 1,3 —————, H1,4> 0,
M2,2 H2,2 H2,2
2
H2,1 M3,2 H3,2
2,3 > H3,25 U2, >0, 31> ————, U3.3> ——, U3.4>0, g1 >0, lig>>0, Usg3->0, g 4> 0},
H2,2 H2,2
2

H2,1 M3,2 H2,1 H3,2 H3 2
{/\1 21,121, M3 -, 1,420, 3> U3.2, k2,40, 31> —, 33> —,

H2,2 H2,2 H2,2

M3, >0, la 150, Usg >0, Usg3->0, g4 0}, {Al 5 =1, 41,220, Y130, U140, 10,

2 2

H3,2 H3,2 H4,2 H3,2 Ha,2 Hz 2

H2,3 2 U3,25 H2,a > a2, H3,1 >0, P33 ——, 34> ————, 4,120, lg 3> ————, llg 4> —},
M2,2 H2,2 M2,2 H2,2

2
H3,2

{/\1 > 1,250, u1,320, Py 4a>0, k1 >0, Uy 3>U32, Hpa > Haoy U3,1 >0, U3 3> —,
H2,2

H3,2 Ma,2 H3,2 Ha,2 IJ421,2
M3, > ——, H4,1 >0, lg 3> ———, g 4> —}, A=>-1, 10,1250, 1h >0, 130,
H2,2 H2,2 H2,2

Ha,4 >0, U315 0, 3250, 3350, U340, s3>0, tsa,2>0, s3>0, s 4> 0},
A2 1, 1,150, 250, 350, th4 >0, 3,1 >0, U350, U3,3>0, U340, s, >0,

H1,2 Ha,2
Pa,2 = 0, a3 > 0, ts s - 0}, {/\1 -1, 01,320, 4> ———, 1 >0, U 30,
H2,2

2
Ha,»

H2,4 > a2y H3,1 >0, 3.2 >0, U33>0, U340, g1 >0, s3>0, tsg 4> —},
H2,2

| 7
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H1,2 Ha,2
{/\1 21,320, pa>———, 120, U350, 4> 42, U3,0>0, U32>0, y3.3->0,
H2,2
2
Hz > H1,2 M3,2
H3,4 >0, g1 >0, s3>0, g4 _}, {/\1 -1, 13> —, U1,4>0, U1 >0,
H2,2 H2,2

2
H3 2
H2,3 2 H3,25 H2,4 >0, 3190, U3 3> ——, 3,420, g1 >0, g 20, iy 3>0, g 4> 0},

H2,2
2
Hi,2 H3,2 H3,2
{/\1 > 1l, 13> ————, U1,4> 0, U120, L3> U302, 2,420, 31 >0, 33> —,
H2,2 H2,2
H1,2 H3,1
3,40, g 1>0, tg2>0, Ug3->0, g 4> 0}, {/\1 >-1l, 3> ————, k1,420, (>0,
H2,1

H2,32>0, a0, t32>0, U33>0, 340, g1 >0, g 2->0, ts3->0, IJ4,4->0}:

H1,2 M3,1
{/\1 > 1, 3> —, U1,4> 0, H2,2 = 0, H2,3 > 0, H2,4 » 0, H3,2 = 0, H3,3 = 0, H3,4 — 0,
H2,1

Ha,1 >0, fa 2 >0, s3>0, tg 4> 0}, Ai>-1, 11,350, 1,450, 350, o4 >0, 3,150,

P32 =0, k33> 0, U3,4>0, g1 >0, s 20, s3>0, s a0}, A1 >1, u1,35>0, 5,40,

Pa,3 =0, th a0, 31 >0, U320, U330, U340, a1 >0, a0, s3>0, tss- 0},
Ar> -1, p10o -p2,1, H1,320, 1,40, P 350, a4 >0, 3,1 >0, Uz, >0, 3,30,

H3,4 =0, ta1 >0, ta >0, s3>0, s a>0}, {A1>1, 2 -th1, 1,30, t1,4-0,

Ha,3>0, U4 >0, 3150, 3250, U330, 3450, ta,1 >0, s >0, s3>0, s 40},

{/\1—>—l, H1,22 0, U130, U140, U1 >0, U 3>0, th 4> 42, H3,0 >0, 3 2>0, t3,3>0,

2
Hz >

H3,4 20, a1 >0, Ug3>0, g 4- —}, {/\1—> 1, 1,220, py1,320, t1,4>0, yp 1 >0,
H2,2

2
Ha,2
H2,3>0, 4> a2, H3,1 >0, U320, U330, U3 40, g1 >0, s3>0, g 4> —},
H2,2
Ug,z
{/\1 > =1, 41,020, U130, U140, U1 >0, P3>3, U2,4 >0, U310, 33> —,
M2,2
M3, 0, a 10, s >0, Us3>0, g4~ 0}, {)\1 > 1, 1,220, 1,350, u1,4>0, U150,

H3,2

H2,3 > 3,25 H2,a >0, 3,1 >0, 33> ——, U340, g1 >0, Us2->0, s3>0, g4 0}}
H2,2

(*For all cases, the coefficients are zero:%)

- .= equaciones /. solutionslambda/. {A; » 0, A3 5 0, A4 - 0}
Outfe ]=

{e, o, o0, 0}, {60, 0, 0, 0}, {0, 0, O, 0}, {0, 0, O, 0}, {0, O, O, O}, {0, O, O, O},

{6, 0, 0, 6}, {0, 0, 0, 0}, {0, O, O, O}, {O, O, O, 6}, {0, O, O, O}, {0, O, O, O}, {0, O, O, O},
{6, o0, 0, 0}, {0, 0, O, 0}, {0, 0, O, O}, {O0, O, O, O}, {0, O, O, O}, {0, O, O, O}, {0, O, O, O},
{6, 0, 0, 06}, {0, 0, 0, 0}, {0, O, O, O}, {O, O, O, 6}, {0, O, O, O}, {0, O, O, O}, {0, O, O, O},
{6, o0, 0, 0}, {0, 0, O, 0}, {0, 0, O, O}, {O0, O, O, O}, {0, O, O, O}, {0, O, O, O}, {0, O, O, O},
{6, 0, 0, 06}, {0, 0, 0, 0}, {0, O, O, O}, {O, O, O, 6}, {0, O, O, O}, {0, O, O, O}, {0, O, O, O},
{6, o0, 0, 0}, {0, 0, O, 0}, {0, 0, O, O}, {0, O, O, O}, {0, O, O, O}, {0, O, O, O}, {0, O, O, O}

(*Now case (b):x)
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in[-]= eqnsl = {}3
vari ={s1, Sy, S3, W1, Wy, W3, L1, 1, 13};
p= ((Rl,z Ra,3Rs,6 1/ My 4,1 1/ My 5,5/ m3,6->3)_
(R1,6 R2,3R4,5 /I My 4,1 1/ my 5,5 /1 m3,6->3));
cr = CoefficientRules[p, vari];
eqns2 = Join[eqnsl, Thread[Values[cr] == 0]];
vari ={s;, wy, 1;};
p= (R1,3 Ko llmy oy 1l m1,3->1)-(R3,1 Ky llmy 5,5 11 m1,3_,1);
cr = CoefficientRules[p, varil;
eqns3 = Join[eqns2, Thread[Values[cr] == 0]];
vari ={si1, Sz, W1, Wa, L3, 1,};
p= ((Kl K2 R3,4 K5 Kg ll my 3,1/l my 5,1 /i my gyl m2,6->2)_ R1,2)§
cr = CoefficientRules[p, vari];
eqns4 = Join[eqns3, Thread[Values[cr] == 0]];
vari ={s1, Sz, W1, Wy, 11, 15};
p= ((ﬁ1,4 R3,2 Kg /l my 3,1 1/ my 6,2 /I m2,4->2)- Kz);
cr = CoefficientRules[p, varil;
eqns5 = Join[eqns4, Thread[Values[cr] == 0]];

inl[-]:- solutionsmu = Solve[eqnss /. {ul,z >0, P10, m - 0},

{/\1, AZ, A3’ A4’ I-ll,l, ”1,3, H1,4, ”2,3, I-l2,4 ’ IJ3,1, IJ3,2, ”3,3’ F3,47 F4,17 IJ4,2, ”4,3, I-l4,4}]

-=+) Solve: Equations may not give solutions for all "solve" variables.

Out[« ]=

{{/\1—>—l, AM>0,A350,A350, 1350, 1 4>0, 320, s, 0},

A21,A4 50,2350, 50, 350, ths>0, 3,0, tsr - 0},
A>-1,2-50,A350,A,50, 41,350, 350, 1 4>0, U31>0, 320, s, - 0},
A>-1,2-50,A350,A,50, u1,45>0, 1350, b 4>0, 3550, s1->0, s, 0},

A1 1,250,450, 50, y1,350, 350, th 450, 3,1 >0, 3,50, s> 0},

A2 1,4 50,250,450, 1,450, 350, th 450, 3,50, ts1 >0, s -0}, {A; »-1,

A0, 350,450, u,30, 1,40, 350, s>0, 3150, 3250, s1->0, s, 0},

21y 3 2y 3
{/\1—>—l, A >0, A3 > - s Ag > s M1,4 > —H1,35 H2,4 > —H2,3, H3,1 2> —H1,35 H3,2 > —H2,3,
Hi,1 Hi,1
2#%,3—2@,3—#1,1 Y34 -2 IJf,3+2H%,3—Hl,1 U3,3
Ha,1 = H1,35 Ha,2 > H2,35 Ha,3 > y Ma,4 > }a
H1,1 Hi,1
22,3 2,3
{/\1—>—l, A> 0, A3 s Ag > s M1,4 > H1,35 H2,4 > H2,35 H3,1 = —H1,35 H3,2 > —12,3,
H1i,1 Hi,1
2 2 2 2
-2 .U1,3+2/Jz,3_l-/1,1 H3,4 -2 /-11,3"‘2/12,3_“1,1 H3,3
Ha,;1 > —H1,35 Ha,2 > —H2,3, Ha 3 > s Ha,a > },

Hi,1 H1,1

{/\l_) l: /\2_>07 A3_)0, A4_)O; IJ1,3_)0; IJ1,4_)0; IJ2,3_)0; IJ2,4_)0; IJ3,1_)0; IJ3,2_)0; IJ4,1_)0; IJ4,2_)O},

23 21,3
{}\1 >1l, 220,35 ——, Ay > - s M1,4 > —H1,35 H2,4 = —[2,3, M3,1 > —H1,35 H3,2 > —[2,3,

Hi,1 H1,1

2/»’%,3—2#%,3—#1,1 H3,4 -2 ,U%,3+2H%,3—H1,1 U3,3
Ha 1 > H1,35 Ha,2 > H2,3, Ha 3 2 s Ha 4 > },
H1,1 Hi,1

2,3 2,3

{/\1—>1a Ay >0, A3 > - s Ag > = s M1,4 2 H1,35 H2,4 2 H2,35 H3,1 > —H1,35 H3,2 2> —H2,3,

H1,1 H1,1
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-2 lJf,3+2lJ§,3—N1,1 V3,4 -2 IJ%,3+2H§,3-IJ1,1 U3,3
Ma,1 = —H1,35 Ha2 > —H2,35 Ha,3 > y Ha,4 = },
H1,1 H1,1
2y 3 2y 3
{/\1—>—l, A2 >0, A3 > - s Ag > s M1,32 0, 1,40, Uy 4> -3, U3,1 >0,
H1,1 H1,1
2 2
=2 5 3= H1,1 M3,4 245 53— HM1,1M3,3
M3,2 > —H2,35 Ha,1 > Oy Uan = a3, Ha,3 > > Ma,q > —},
H1,1 Hi,1
2y 3 2y 3
{/\1—>—l, A> 0, A3 s Ag > s M1,32 0, U140, Uy 4> 3, U3, >0,
H1,1 H1,1
2 2
25 3-H1,1 H3,4 245 53— H1,1M3,3
H3,2 > —H2,3, Ha,1 > 0, Uag,2 > —12,3, Ha,3 > —————————— 5 Ha,a > —},
M1,1 Hi,1
24y 3 2y 3
{/\1 21,420, 3> —, Ay > - s M1,32 0, U140, Uy 4> -y 3, U3,1 >0,
H1,1 H1,1
2 2
=25 3-H1,1 M3,4 25 53— H1,1M3,3
H3,2 > —H2,35 Ha1 > O, Ug 2 > [2,3, Ha,3 > s Ma,4 > —},
H1,1 H1i,1
22,3 2,3
{/\l_)l, AZ_)O} /\3_)_ ,/\4_)_ ,ljl,3_)0, Ijl,4_)0, H2,4_)/J2,3; IJ3,1—>0,
H1,1 H1,1
2 2
25 3-H1,1 H3,4 25 53— H1,1M3,3
H3,2 = =H2,35 Ha,1 > 05 Ha,2 > =423, Ha,3 = s Ha,4 = }:
Hi,1 Hi,1

A120, A0 51, 1,350, 1,450, th3>0, th4>0, 3,1 >0, U3 2->0, U330, U340,
Pa, 1= 0, ta >0, s3>0, s s->0}, {A1 >0, A >-1, 350, 1,40, 130,
Pa,a =0, U310, u3>0, U330, U340, s 150, s >->0, s3>0, a4 0},
AM-20,4-5-1, 0130, 140, 350, U4 >0, 3150, U350, U330, 340,
Ha,1 >0, Ua >0, s3>0, tas>0}, {A1>0,A>1, 4,350,450, 30,
Ha,4 >0, U315 0, 3250, 3350, U340, s3>0, ta,2>0, s3>0, s 4> 0},
A20,A 51,350,040, 350, b4 >0, 3150, 3,50, 3,30, 3,40,
Pa, 1= 0, tan >0, s3>0, s s3>0}, {A;>0,A>1, 350,450, 30,

H2,4 >0, 31 >0, t32->0, Uy3,3>0, i3.4>0, fig1 >0, g 2->0, s3>0, N4,4—>0}}

(*We again have a finite number of cases. For all of them, the coefficients are zero:x)

in[-]- equaciones /. solutionsmu/. {pl,z 20, U120, Uy - 0}

Out[e ]=
{{0, 0, 0, 0}) {0) 0, 0’ 0}) {01 05 O) 0}) {0’ 0’ 0, 0}1 {0’ 0’ 0, 0}’ {0’ 0, 0, 0}) {0, 0, 0, 0}’ {0, 0, 0) 0})
{0, 0, 0, o}, {0, 0, 0, 6}, {0, 0, 0, 0}, {0, 0, O, 0}, {0, 0, O, 6}, {0, 0, 0, 0}, {6, 0, 0, O},
{0, 0, 0, 0}, {0, 0, 0, 6, {0, 0, 0, 0}, {6, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, O}

Finally, we do it for the 12 cases at once. We clear out denominators when using the inverse R-matrix.



proposition_3_11.nb

. 4 4 2 2 \2 2 2 2 2 2 2 2\,
In[]:= den°m1n=l-’1,1+l-ll,2+gl-'1,1 M1,2 ”2,1[-’2,2"'(/-’2,1'[-’2,2) -2p1,, (F2,1+F2,2)‘2F1,1 (I-'1,2+I12,1+Il2,2),

vari

={S1, S25 S35 W1, Wa, W3, L3, 1o, 13};

Var-iL ={"51", "52", lls3l|’ llwlll’ "WZH’ IIW3II’ ll'LlH’ "12"’ l|13ll};

cases = {(Rl,z Ra,3 1l m1,4->1)—(R1,2 Ra,3 1l m4,1->l)’

(Re,2 Ra,3 M1 as1) = (Re,2 Ray3  ma,101)5 (Ra,1 Rays /e ans) = (Ra,1 Rays f ma,1ii)s

(Rz,l R3,a Il m1,4_,1)—(R2,1 R3,q Il m4,1_,1), denomin ((ﬁl,z Ra,3 /I m1,4_,1)—(ﬁl,2 Ra,3 ll m4,1_,1)),

denomin ((ﬁl,z Ra,3 1l m1,4_,1)— (ﬁl,z Ra,3 1l m4,1_,1)), denomin ((ﬁz,l Ra,3ll m1,4_,1)—(ﬁz,1 Ra,3 1l m4,1_,1)),
denomin ((ﬁz,l R3,q Il m1,4_,1) - (ﬁz,l R3,q Il m4,1_,1)), denomin? ((ﬁl,z Ra3 !l m1,4_,1) - (ﬁl,z Ra,3 /I m4,1_,1)),
denomin? ((ﬁl,z Ra,3 /I m1,4_,1) - (ﬁl,z Ra,3 /I m4,1_,1)), denomin? ((ﬁz,l Ra,3/l m1,4_,1) - (ﬁz,l Ra,3/l m4,1_,1)),

denomin? ((ﬁz,l R, /I m1,4->1) - (ﬁz,l R34 /I m4,1->1))} ' Simplify;

cr = CoefficientRules[H, vari] &/@ cases;

convert[{v___ Integer}] := StringJoin@Pick[varilL, {v}, 1];
totallist = Map[(convert[First[H]] » Last[H]) &, cr, {2}];

1= Select[H, With[{lhs = #1[1]}, ws = StringCount[lhs, "w"];

1s = StringCount[lhs, "1"];
ws <2&&1s<2&&(ws <1 1ls<1)]& & /@totallist;

totalequaciones = %[All, All, 2] // Simplify;

In[«]:= Map[Po'Lynom'ia'l.Reduce[tt, A, {A3’ Ag 5 H1,15 H1,25 H1,35 H1,45 H2,15 H2,25 H2,35 H2,4

Out[« ]=

M3,15 M3,25 M3,35 M3,45 Ma,15 Ha,25 H4,3, IJ4,4}] &, totalequaciones, {2}] Il Simplify

H1,2

{{{{' ,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

e

i

(e

Az

1
-—,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 6], 0},
2

Hi,2 1
,A_,O,O,G,O;O,0,9,0,0,9,0;0,0,9,0;0,—/\_;0,0,070,
2 2

©,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}, 0f,

H1,2 1
_,O, 050’ 03 O,O; 0, Oa 050’ 03 O,O; 0, Oa Os _,0, O’O’ 03 O’

Ay Ay
6,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0}, 0f,
H1,2 1

:__10;07 0: O;O’ 0, 0,0;07 0: O;O’ 0, 0,0;07 /\_,0’0, 0: O;
2 2

©,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}, 0},
H1,2

1
{{{__7 0’ 0: 05 0) 0: O; 0) 0, 0: 05 0) 0: O; O) 0, O: ) Oa O; 07 0’

e

e

/\2 2
©,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0],0},
Hi,2 1
;A_)O;O,O:ans010’0;0,010105010’0;0;__,0s01010;
2 2

©,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}, 0f,

H1,2 1
_791 050, G: 0105 0, O: 050, G: 0105 0, O: 07 /\_’OJ 050, G: 07

{6

2 2
©,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0}, 0f,
H1,2

1
s__’Q;G, 0, O’O’ 03 0,0;0, 0, O’O’ 03 0,0;0, /\_50;0, O, O’
2 2

| 11
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©,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}, 0},
H2,2
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{{o, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0,0, 0, 0, 0, {0, 0, 0, 6}, {6, 0, 0, 0,

{0, 0,0,0,0,0,0,0}, {0,0,0,0,0,0,0,0},{0,0,0,0,0,0,0, 0}
{0, 0,0, 0}, {0, 0, 0, 0}, {0,0,0,0,0, 0,0, 6}, {0, 0, 0, O}},

{{o, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0,0, 0, 0,0, 0}, {0,0,0, 0}, {0,0,0,0,

{0, 0,0,0,0,0,0,0}, {0,0,0,0,0,0,0,0},{0,0,0,0,0,0,0,0}
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