Proof of Proposition 3.10:

inl-1=  (*We establish the multiplication for SW. We
set the variable 1 to be sw. The bar denotes inverse. %)
vars ={s, w, 1};
m; 5 -k [Z_] := Expand[Z] /. {si Sy=> 1, wiw; =0, s;wj > Lk, wisj=>=-1k, 1isj=>-w, 5515w,

11Wj—)0, wilj->0, 1-ilj—)0, X_ .

; |5 MemberQ[vars, x] = X, X

_j |5 MemberQ[vars, x] = xk}
ml-1= (* We start by declaring the elements R and k: %)
Ki = /\1+/\25-i+/\3W1+A41-i;

Ki = X1+X251+X3W-i+X4-L-i;
Ri_,j_ t=H1,1+ M1,2Si+M1,3Wi+H1,4 i +M3,1Sj+ Mo 2SiSj+Ha,3WiSj+Hz,4LiSj+

M3, 1Wj+ M3 5 SiWj+ U3 3 Wi Wi+ 3 a4 LiWy+pa 1 L+ Ha2Si Lj+paawi i+l ]y
ﬁ-i_,j_ = [._11’1 + ﬁl,z S5 +ﬁ1’3 Wy +ﬁ1’4 1 +ﬁ2’1 Sj+ ﬁz,z Si S5 +ﬁ2’3 Wi Sj +ﬁ2’4 1isj+

H3 Wi+ 35 SiWj+Hz s Wi Wy +H3 3 LiwWi+ g1 Ui+ My 5 Si i+, Wi Li+H, 115
(*We also implement the element v :%)
Vi_ =Ry asKkallmy o, /lmy 3,4

Vi_ =Rz 1K /I my 5,0 I my 3,5

inf-1=  (#*By the previous lemma, we simply set the values of the bar variables: %)

b

o _ A A As As
{AI’AZ,A3’A4}={2 2,_2 2,_2 2’_2 2}
Ao A2 2o A2-x
rulesRinv =
(Ao -(r v v, B3 =2 o o i, b3 0) (WS- 208 0 0 o v il -2 08 0 05 -
20} 2 M3, K L+ B, 2 oy B2 = 2 B LMD =2 M 5 M = 2 M5 1 M 5+ S 2))s
My, -((IJf,l H1,2 -Miz + 1,2 Hg,l -2 1,1 H2,1 M2,2%H1,2 Hg,z)/(ﬂf,l -2 llf,l I-’i,z +Fi,z =
203 B3, -2 ] o M M L H B I 2 By Moo= 2 Y L M = 2 Y 5 M = 2 M5 1 B+ S 0)s
M3 -((H%,l Hi,3 -Hi,z Hi,3+H1,3 F%,l —Hi,3 Il;%,z =2 H1,1 2,1 M2,3+2 1,2 2,2 Ilz,s)/
(bt i-2mi it ov bl s-208 L3 - 208 15 14 5+
8 H1,1 H1,2 Mo,1 Ba,2 =2 B30 B3 2= 2 B3 2 M3 2= 2 B3 1 13 5 + 3 )5 a0 =
—((Fi,l Hi,4 —IJiz Hi,4 + Hi,4 y%,l = Hi,4 H%,z -2 Hi,1 H2,1 M2,4 + 2 H1,2 H2,2 I~’2,4)/(F‘1‘,1 -2 Fi,l Fi,z +F‘I,z -
203 B3, -2 ] o D M L H B I 2 By Mo = 2 Y L M = 2 S 5 M = 2 M5 1 B3+ S 0)s
Fa,n = =((B3,0 k2,04 1 o o1 =3 =2 1 b2 b o 4 b1 15 o) [ (K- 208 0 b2 5+ it 5 -
203 B3, -2 0] o M M L+ B, o By Moo= 2 Y L M = 2 Y 5 M - 2 M5 1 B+ S 0)s
a2 =((~2 b1 b0 b0, 1+ B s 22+ 12 5 po 2+ 15 1 2,0 - 153 5) [ (M1 - 23,0 122 2 -
203 B3, -2 ] S M M L ¥ B, 2 By Mo = 2 Y L M = 2 Y 5 M - 2 M5 1 B o+ S 0)s
My 3> -((-2 H1,1 M1,3 M2,1+2 1,5 M1,3 M2,2 +F§,1 H2,3 'Fi,z H2,3 +H§,1 H2,3 -H§,2 I-'2,3)/
(yi,l_zlli,l Fi,z*ﬂi,z'zl’i,l I’%,l'zl-'i,z ”%,1"‘#3,1"‘
8 M1,1H1,2 M2,1 ”2,2_2”§,1 F%,z'zl’i,z ”%,2_2"%,1 F%,z"'l"z‘,z))’ IR
(R Y R e Ty R Ry Wy Y WY RN WY R I DU (R N R T T A
213 L 3= 2 HE o M S B L B By B2 =2 B B = 2 M8 o HE 5= 2 1 B 2 4 B3 0))s

M3, > '((Fi,l H3,1 +I-'§,2 M3,1 -F%,l H3,1 'l-’%,z M3,1—=2p1,1 H1,2 H3,2+2 [ip,1 M2, Il3,2)/
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(bt i-2mi i md o+ bl a-208 L3 - 208 15 4 5+
8 H1,1 H1,2 o1 Ba,2 =2 B30 B3 2= 2 B3 2 B3 2= 2 3 1 13 5 + 3 )5 a2
“((~2pr,0 1,2 3,14 2 2,1 b0 s 1 B a2+ B s s = B3 a2~ 3 o s ) [ (B -2 B b p e -
203 B3, -2 ] o M, M L H B I 2 By Mo = 2 Y L M = 2 Y 5 M = 2 M5 1 B 2+ S 0)s
M3 3> -((-2 M1,1 M1,3M3,1+2 Mo 1 M2 3 H3,1+2 1,2 M1,3 M3,2—2 M2 2 2,3 H3,2 +Hi,1 M3,3-
Ili,z F3,3—F§,1 F3,3+F§,2 M3,3+2 Uy 4 M2 2 Ha,1 =2 1,2 M2,4 Ha,1—2 P14 M2,1 Ha 2 +
2 y,1 M2,4 Ma2+2 U1, M2,1 Ha,a—2 H1,1 M2,2 H4,4)/(F:,1 -2 Hi,l lli,z +IJ;,2 -2 Fi,l F%,l =
203 o M3, K ¥ B, 2 o B2 = 2 B L M =2 M 5 M = 2 M5 1 M 5+ S 2))s
H3 4> -((-2 1,1 M1,4 M3,0+2 Mo 1 Mo 4 H3,1+2 1,2 M1,4 3,2 =2 M2 2 2,4 H3,2 +Hi,1 M3,4-
Ili,z H3,4 —Ilg,l F3,4+F§,2 M3,4+2 1 3 M2 2 Ha,1 =2 M1,2 M2,3 Ma,1—2 H1,3 M2,1 Ha,2+
2 43,1 M2,3 Ha,2+2 P15 Ha,1 Hay3 =2 1,1 H2,2 IJ4,3)/(F‘1‘,1 -2 Mi,l Ili,z +y‘1',2 -2 Fi,l F%,l =
203 o M3, M ¥ B 1 o By B2 = 2 B LMD =2 M 5 MG = 2 M5 1 B 5+ S 0))s
My, > -((H%,l Ha,1 +H§,z Ha,1 -F%,l Ha,1 -ll%,z Ma,1—2 1,1 H1,2 Ha2+2 Hp1 22 Il4,2)/
(p;.‘,l_zlli,l ”i,z"‘ﬂi,z'zl’i,l F%,l'zl’i,z ”%,1"‘“2,1"‘
8 H1,1 H1,2 Mo,1 Ba,2 =2 B, B3 2= 2 B3 2 B3 2= 2 B3 1 M3 5 + 3 )5 Hlaz
-((-2 H1,1 M1,2 Ma,1+2 Mo 1 2,2 Ha,1 +lli,1 Ha,2 +IJ§,2 Ha,2 -Il%,l Ha,2 -IJ%,z H4,2)/(F:,1 -2 Hi,l I-'iz +I-’i,2 =
203 B3, -2 ] o M, M L H B I 2 By M = 2 Y L M = 2 S 5 M = 2 M5 1 B 2+ S 0)s
Hy 3> -((2 Mi,aM2,20 M3,0—2 M1 2 H2,4 H3,1—2 M1,4 M2,1 M3,2+2 P11 H2,4 H3,2+2 1,2 M2,1 M3,4—
2,1 M2,2 M3,4=2 M1,1 M1,3 Ha,1+2 M2 1 M2,3 Ha,1+2 M1 2 H1,3 Ha,2 =2 [, 5 H2,3 Ha,2 +
P Ha,s =03 2 Has =131 Hays+ b3 o bays) [l -2 00 E 2+ bl 2 -2 08 1 03 -
20} 2 M3, KL+ B L, 2 B B2 = 2 B LMD =2 S 5 M = 2 M5 1 M 5+ S 2))s
Hy 4> -((2 M1,3M2,2 M3,1 =2 H1,2 H2,3 M3,1 =2 M1,3 M2,1 M3,2+2 M1,1 M2,3 M3,2+2 M1,2 M2,1 3,3 =
2 py,1 M2,2 M3,3=2 M1,1 M1,4 Ha,1+ 2 M2,1 H2,4 Ha,1+ 2 P1,2 M1,4 Ha,2 =2 H2,2 H2,4 Ha,2 +
P31 Ha,a= b3 5 Haya =131 Ha,a+ b3 5 baa) [ (bl -2 00 8 2+ bl 2 -2 08 1 03 -

2 IJi,z ”%,1 +u§,1 +8 1,1 M1,2 M2,1 H2,2—2 Hi,l ﬂ%,z -2 M%,z F%,z -2 ”g,l Hg,z +H‘21,2))}5
Scan[Set @@ & &, rulesRinv]

[~ ]= (*Sanity check:x)
K1 Ko llmy 5,0 I Simplify
Ky Ky llmy 1,7 Il Simplify
Ri,2Rs,q // My 3,1 1/ My 4,1 1 Simplify
Ri,2 R34 /I M3 1,1 1/ Mg 5,1 1 Simplify

Out[« ]=
Out[« ]=

out[« ]=

Out[e ]=

(xLet us now analyse the commutators. We start with [R, Kk®1 ] t%)



proposition 3 10.nb | 3

inf-1= vari={sy, Wi, Ly, So, Wa, 1o};
Var-iL ={"S]."’ "Wln’ "11"’ "52"’ "W2"’ "12"};
p= (R1,2 K3/l m1,3_,1) —(Rl,z k3 Il m3,1—>1)§
cr = CoefficientRules[p, vari];
convert[{v___ Integer}] := StringJoin@Pick[variL, {v}, 1];
(convert[First[&]] » Last[H]) &/@cr
out[+ J=

{WlSZ > 2A4 2 =2 Ay 4y WiWp > 2 A4 U3 0= 2A2 3,45 Wilo > 2Aq la2 =2 A0 a4y W1 > 2 A4 l1,2~2 A3 1,4,

L1S2 9 2A3 0 20-2 A a3, Liwy > 2A3p3,2-2A2 3,3, Lilo > 2 A3 s 2-2A2 a3, Li > 2A3012-2 4 I~11,3}

(*We have 1indicated the monomial to which each coefficient corresponds
to. All one has to show is that the coefficients not in J®J are zero,
for dinstance "2 y; py,2-2 y2 M2,4 =0" for w;s,. The strategy of
the proof is to show that these must be consequences of the XC-
axioms. We will show that these are consequences of only XCOc. For this we

will compute a Groebner basis for the coefficients of the relation XCOc.%)

ml-]= vari ={s1, Wy, L1, Sz, Wy, L3}

Var-iL = {"Sl"’ "Wll" "11"’ "52"’ "W2"’ "12"};
p= ((Kl K2 R3,4 K5 Kg /I my 3,1 /i my 5,1 /i my g4yl mz,s-»z)— Rl,Z);
cr = CoefficientRules[p, vari]//l Simplify // Expand;
convert[{v__ Integer}] := StringJoin@Pick[varilL, {v}, 1];
(convert[First[H]] » Last[H]) &/@cr
eqs = Thread[Values[cr]] // Simplify // Expand;

Outle ]=

2M A3, 2AAsin, 2A5H3  2A1A; s

{5152—>0, SiWy > — P P + — + P—
A2 - 22 A2 - 22 A2 - 22 A2 22
2M A3t 2AAath,y 2A Az, 23
sila > - 2,2 2 2 2 2 a2 2
A2 - 22 A2 -2 A2 - 22 A2 - 22
20 A3,y 2A At 2MMn3 2A1Ay b4
S1 - O, W1Sy; = - - + +
AT-A3 AT-A3 AT =23 AL-A5
AN, 8AMAAzAsin,, A4AM Ao 2MAAsins 2MAsiz 2A3 A4tz 2A A5 A 3
WiW, - + + - - - - -
(A2 -23)* (A2 - 23)° (A2-23)° (A2-23)* -2 (A-x) (A2-23)*
AN A A3 paa AN M MAtns 2M M A3 2 Aspa 2A A4z 2AA5Aspsn AATASUs)s
- - - - - + +
(A2-23)* (A2-23)* (A2-23)* -7 (A-xy (A2-23)* (A2-23)*
2N pss 2A M p3s AAAAsa, AN M Apan 2MApas 2A A pas AATAS pas
+ - - + + + ,
2 2 2 2 2 2 2
(A2 -43) (AT -23) (AT - A3) (AT - A3) (AT -43) (AT -23) (AT -23)
AMMA o AN A A, AMAAsphy AMAAT, 2A A3tz 2AA3As i3
wily - + + + - - -
(A2-R3)* (A2-R2)? (A2-R3)* (A2-R2)* (A2 -2 (A2-R3)*

2M Mtz 2N A 4AMAAsins AMASAstha AAASAspz,  AAT A Ass)s

- - - - - +

(A3 - A3)° (A3 - A3y (A3 -A3)° (A3 - A3)° (A3 - A3)° (A -43)°

2 A3 2A A3 a3 AATASpza 2AA0Aspa 2A3Aspan 2ATAspia,y 2A1 A5 A4 pagn

+ + - - - - +

M-y -2 @-my (A3 -A3)° (A-A)  (g-4) (A3 -A3)°
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AN Has 2A A Haa 2A1A3 aa 20 A1, 2Ai A1, 2A3 1,3 2A1 A s
+ + , Wy > — - + +
(A2-A2P (2o (2o A=A A=A M- A -A3
2M A3t 2MApao 2A A3 2A51h 4
lis2 > - 2,2 I 2 2 a2
AL - A3 AL - A3 AL - A3 AL - A5
AMMA o AN A A, AMAAsphy AMAAT,, 4AASAsln;
Tiwp - " + " + . + - -
(AT -43) (A7 -43) (AT -43) (A7 -43) (A7 -43)

AN MM 2M A Asns 2MAsia 2A A4t 2AM A A s 2A3 A3,

(A2-22)° (A2-23)* AB-2)7  (3-a) (A2-23)* (A2-23)°
2M M A3, 2M A Aaps,, 2A3Aaps 2A3 A pss 2A1A a3 4ATAS s
- - + + + -
(A2-23)° (A2-23)* A-27 K-8 -9 @-x)7
AA A As sy AM A Agpan AAASpas 2A3Akas 2A1A3 s s
- . + - + 5 + > Ll -
(AT -43) (AT - A3) (A -A3) (AT -43) (AT -43)
AN M, 8AMMAsAiin,, AMMpo 4MAAsis 4AMMAphs 2MAsth,s 2AA3A3 00,4
+ + - - - - -
(A2 - 23)? (A2 - 23)? (A2 - 23)? (A2 - 22)? (A2 - 23)° (A2 - 23)° (A2 - 23)°
2N Ms 2MAsphaa AMAAsps,, AMAIAspss AM Az 2A A p3a 2A0 A psa
- - - + + + -
(A2 - 23)° (A2 - 23)° (A2 - 23)? (A2 - 23)? A2-22°  (B-m)® (-x)y
2N Aspa 2A0 M Aspa 2M Ao Asban 2A3Aapan 2A3 Ao pas 2A0 A3 Haz AATAS Haa
- - - + + + s
(A2 -23)° (A2-23)* (A2-23)* A-2)7 -8 w-8) R-a)
2M A3, 2A A1, 2A A p,s 2A5 pra
1, - - - + + , S > 0,

A=A A=A A=A A=A

20 A3 1 2A1Aath,n 2A3 M1 2A1 A0 gy
a5 ~ 2 2 2 a2 2o
PEpY: PEpY: PEpY: A2 A2

2M A1 2A A1 2Ai A s 25 s
1, - - - + + s —)0}
A -A3 A -A3 A2 - A3 A -A3

(*We compute a Groebner Basis A and the transformation matrix B:x)

ml-1= {A, B} = ResourceFunct‘ion["ExtendedGroebnerBaS'is"][eqs,

{/\3, Ay Mi,15 M1,25 M1,35 M1,4y M2,15 H2,25 M2,3y M2,4 5 M3,15 H3,25 M3,35 M3,45 Ma,1s Ha,25 Ha,3, IJ4,4},
CoefficientDomain -» RationalFunctions, MonomialOrder -» DegreeReverselLexicographi c]

Out[e ]=

203 A 243 243 0 243
=~ - —= + |- + —=
2z i) H2.4 2z o |Ha2 2
42873 8ATA: 42228 2 A8 A2 42303 22328 2
T 22\ 2322 (x2_y2)\2 /\3/\4“3,3_" 222 2 T 2 /\3/J3,4+
(A-A3)° (A-A3)° (Af-A3) (A1-23) ( ) (A;, j
42873 8 A% A3 42228
A2 + + $l-—22 === - 22 A
( ) 4 M3,4 w-)p ey T oy 3 A4 Ha 40,

Full expression not available (original memory size: 1.4 MB)
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in[- 1= (*Checking that the calculation 1is correct:)

Out[« ]=

(A/l Simplify // Expand) === (B.eqs // Simplify // Expand)

True

ml-1:= (*We observe that in fact the elements of the Groebner basis do not have denominators:x)

Out[e ]=

In[+]:=

out[« ]=

In[«]:=
Out[e ]=

All Simplify

{2 Ay (H2,4=Ha,2)s =2 A2 (U2,3-13,2), =2 A1 A2 (—2 A3 Ha,2 + Az (3,4 + IJ4,3)),
-2 (IJ3,2 Ha,1- 43,1 IJ4,2), -2 (112,2 Ha,1-H2,1 N4,2), -2 M A3 (—2 H3,2 Ha,2 + H2,2 (3,4 +IJ4,3)),
20073 (—2 U3,1 Ha,2+ H2,1 (U3,4 + Ua 3)), 2A0 A5 (—2 H1,3Ma,2+H1,2 (N3,4+H4,3)),
-4 A7 A3 (H%,z +H3 o~ 2,2 (13,3 +N4,4)), —4ATA; (Ns,l H3,2 + Ha,1 Ha,2 = H2,1 (H3,3 +IJ4,4)),
-2A3 (H1,4 H3,2 = H1,3 Ha 2) —4A A (N1,3 Uz,2+ H1,4 Ha,2 = H1,2 (U3,3 +IJ4,4)), 271 A (—2 As iz, 2+ A5 (3,4 +N4,3)),
477 A, (/\3 H3,2+As ta,2 - Az (U3,3 +IJ4,4)), -2 A (Hz,z U3,1-H2,1 IJ3,2), -2 (H1,4 H3,1-H1,3 ll4,1),
-2 (A4 M3,1-A3 H4,1), -2 (ﬂ1,4 H2,2 = H1,2 IJ4,2), -2 A (Hl,a H2,2 - H1,2 IJ3,2),
2M2,2-2A a2y 2A3 22 -2 A2 3,25, =2 A (H1,4 H2,1- H1,2 114,1), -2A (N1,3 H2,1- H1,2 Ns,l),
2M 12,1 =2 A a1y —2A3 2,1+ 2 A 31, =2 A (A4 H1,3- A3 H1,4), 2A4H1,2=2 Az 1,4,
—~2A3p1,2+2 A 1,3, —2 A3 Ay (2 A4 lhz;,z + A (IJ3,2 (H3,4+ Ha,3) = 2 Ua,2 (3,3 +IJ4,4))),
277 A (2 Ag Ha,1 Ha,2 + Az (IJ3,1 (W3,4 + Ha,3) - 2 Ua,1 (U3,3 +IJ4,4))),
277 A (2 Ag M1,4 Ha,2 + Az (N1,3 (W3,4 + Ha,3) -2 U1, 4 (U3,3 +IJ4,4))),
-2A1 A (2 A Ha,2+ Ay (/\3 (H3,4+ Ha,3) = 2 A4 (3,3 +IJ4,4))), 4257 (_((u§,1 +IJ421,1) IJ4,2) + 2,1 Ha,1 (M3,3 +IJ4,4)),
4/\% A% (—((U1,3 H3,1+H1,4 H4,1) N4,2)+IJ1,2 N4,1(IJ3,3+N4,4)),
S2A0A3 (Iv’%,l (M3,4 + Ha,3)+ Ui,l (M3,4 + Ua,3) = 2 3,1 Ha,1 (U3,3 + IJ4,4)),
2 /\% /\‘2‘ (lJl 4 Ha,1 (U3,4 +IJ4,3)+ M1,3 (IJ3,1 (IJ3,4 +N4,3) =2 g1 (N3,3 +N4,4))),
2023 (A pia,1 (13,0 + a,3) + As (3,1 (B3, + Ha,3) = 2 pia,1 (13,3 + Ha,a))»
20 M3 (2,5 (13,0 + ba,3) + 14 (M, + Ha,3) = 2 1,3 i (i3, + i, a))

H]

2
1
4/\2/\2( ((IJl 3+ 4 Ha 2)+IJ1 2 U1, (M3,3+ Ha 4))
2 A7 /\2( Aapi1,a (U3 4+ Ua 3)+/\3( Hi1,3 (IJ3,4+H4,3)+2lJ1,4(IJ3,3+IJ4,4))),

27775 (A3 (M3,4 + Ha 3)+/\4 (M3, + Ha,3) =2 A3 A4 (IJ3,3+N4,4))}

(*In order to decompose the coefficients

of [R, K®1 ] not in J®J as combination of the elements of A,
we use PolynomialReduce. We start with 2 Ay py 5-2 A; py,4, ie the coefficient of w®l : %)
F= Po'lynom'ia'lReduce[Z AgH1,2=2A2 h1,45 A, {/\3: Ag s M1,15 M1,25 H1,35 M1,4)

H2,15 H2,25 M2,35 HM2,4 5 HM3,15 H3,25 M3,35 M3,45 Ha,15 Ha,25 Ha,3, IJ4,4}] Il Simplify

{0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
°,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0, 0,0}, 6}

(*Indeed this is exactly one of the polynomials in the Groebner basis: %)

Pick[A, Unitize[F[1]], 1]/ Simplify // Factor
{2 (/\4 Hi,2-A2 IJ1,4)}

(xLet us see, for this case 1in particular,

how the polynomial 2 (/\4 H1,2-A2 p1,4) is obtained from XCO :%)
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pos = Flatten[Position[F[1], 111;

Blpos].eqs
B[pos].eqs /l Simplify
Out[+ ]=
20 31,0 2A A1, 2A3p1,3 2A1 A 4 2M A1, 2 A 2A A s 2A5 414
{—)\1— - + + +A |- - + + }
A=A A=A A=A A -A5 A-A3 A=A A=A A -A5

Out[« ]=

{2)\4#1,2—27\2#1,4}
(*We now check the remaining coefficients of [R, k®1 ] not in J®J :%)

In[e ]:= Polynom‘iaIReduce[Z Az p1,2=2A u1,35 A, {/\3, Ag s M1,15 M1,25 H1,35 H1,4)
H2,15 M2,25 M2,35 M2,4 5 H3,15 H3,25 H3,35 M3,45 HMa,15 Ma,25 Ha,3, IJ4,4}] I Simplify
Po'Lynom'ialReduce[Z Agl2,2=225 13,4, A, {/\3, Ay s M1,15 H1,25 M1,35 H1,4,
H2,15 M2,25 M2,35 M2,4 5 M3,15 M3,25 H3,35 M3,45 Ma,15 Ma,25 Ma,3, ll4,4}] Il Simplify
Po'Lynom'ia'LReduce[Z Az p2,2=2A 42,3, A, {/\3; Ay H1,15 M1,25 H1,35 H1,4)

M2,15 M2,25 M2,35 H2,4 5 M3,15 H3,25 M3,35 M3,45 HMa,15 Ma,2s M43, P4,4}] II' Simplify

Out[« ]=
{, 0, 0, 0, 0, 0, 0, 0, 0, ©, 6, 0, 0, 0, 0, 0, 0, O,
e, 0, 0, 0, 0, 0, 0, 0, 6, -1, 0, 0, 0, 6, 0, 6, 0, 0, 0, 0, 0, 0, O}, O}
Out[« ]=
{-1, 0, 0, 0, 0,0, 0,0, 0,0,0,0,0,0,0,0,0,
e,0,1,0,0,0,0,0,0,0,0,0,0,0,0,06,0,0,0,0,0,0,0,0}, 0}
Out[« ]=

{0, 1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
©,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}, 0}

(*Now we turn -into [R, 1®k ] 1)

if-1= vari={sy, Wi, Ly, So, Wy, 1o};

variL ={"s;", "w;", "1,", "s;", "wp", "1;"};
p= (R1,2 K3 Il mz,3->2) —(Rl,z K3/l m3,2->2);
cr = CoefficientRules[p, varil;
convert[{v__ Integer}] := StringJoin@Pick[varilL, {v}, 1];
(convert[First[&]] » Last[H]) &/@cr
eqs = Thread[Values[cr] == 0];

Outfe ]=

{51W2 > 2A412,2-2A2 2,25 S1lo > 2 A3 2 =2 A2 3,0, WiWo > 2 Ag iy 3=2 A5 Hg 3, Wilo > 2 A3y 3-2 A5 i3 3,

Tiwy > 2Aqp2,4=2A flaay Lilo > 2 A3y a =222 P34, Wo > 2Aq a1 -2 A0 a1y Lo > 2A3pp,1-2 A IJ3,1}

(*We check the coefficients that do not belong to J ® J:%)



Infe ]:= Po'Lynom'ia'LReduce[Z AsM2,2-22 Ha2,5 A, {/\3, Az 5 H1,15 M1,25 H1,35 H1,4,

Out[e ]=

Out[« ]=

Out[e ]=

Out[« ]=

M2,15 M2,25 H2,35 M2,4 5 H3,15 M3,25 M3,35 M3,45 Ma,15 Ma,25 Ha,3, M4,4}] Il Simplify
Po'Lynom'ialReduce[Z A3 p22=2A u3,2,5 A, {/\3, Aa s H1,15 M1,25 H1,35 H1,4)

M2,15 M2,25 H2,35 M2,4 5 M3,15 H3,25 M3,35 M3,45 Ma,15 Ma,25 Ma,3, H4,4}] I Simplify
P‘)lynom'ia-LRl’—‘duce[2 Aglr,1=225 g 1, A, {ABs Ay M1,15 M1,25 M1,35 H1,4,

H2,15 M2,25 M2,35 M2,4 5 M3,15 H3,25 M3,35 M3,45 Ma,1, Ma,25 Ha,3, H4,4}] I Simplify
Po'Lynom'ia'LReduce[Z A3 p2,1-2 A 3,1, A, {/\3; A4y H1,15 H1,25 H1,35 M1,45

M2,15 M2,25 H2,35 M2,4 5 H3,15 M3,25 M3,35 M3,45 Ma,15 Ma,2s Ha,3, M4,4}] II' Simplify

{0, 0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
©,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}, 0}

{0, 0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
©,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0}, 6}

{0, 0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
°,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0}, 0}

{0, 0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
°,0,0,0,0,0,-1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0}, 0}

(*This concludes the proof.x)
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