Examples:

In[«]:=

In[«]:=

In[«]:=

In[«]:=

(*We establish the multiplication for SW. We
set the variable 1 to be sw. The bar denotes inverse. %)
vars ={s, w, 1};

m; 5 -k [Z_] := Expand[Z] /. {S-i Sy=> 1, wiw; =0, s;wj > Lk, wisj=>=-1k, 1isj=>-w, 5515w,

11Wj—)0, wilj->0, 1-ilj—)0, X_ .

; |5 MemberQ[vars, x] = xx, x_;/; MemberQ[vars, x] = xk}

=]

(*We establish the multiplication for SW. We
set the variable 1 to be sw. The bar denotes inverse. %)
vars ={s, w, 1};
mi 5 -k [Z_] := Expand[Z] /. {si Sy=> 1, wiw; =0, s;wj > Lk, wisj=>-1k, 1isj=>-w, 5515w,

l-in—)@, wilj—>0, 11~'Lj—>0, X_ .

; 15 MemberQ[vars, x] = xix, X

_j I3 MemberQ[vars, x] = xk}
(» We start by declaring the elements R and k: %)
Ki = /\1+A251-+/\3w1~+/\411-;
Ki = X1+X2 S5 +X3 W +X4 1.-,;
Ri_j_ = Mi,1+ M1,2Si+H1,3Wi+M1,a 5 + 5 1S+ Mo 2SiSj+Ha,3W;iSj+HyaL5S5+
M3, 1Wj+ M3 5 SiWj+ U3 3 Wi Wi+ 3 4 LiWy+pa 1 L+ HapSi Lj+paawi i+l
Ri_j_:= My,i% M1 oSi+Hy sWi+tHy a5 +H; 3 Sj+ My 5SiSj+Hy 3WiSj+Hy 4 1S+
M3, i Wi+ P35 Si W+ 3 3WiWj+ 13 o LiWs+ kg 3 Ui+ a8 Li+paswWi L+, a1y
(*We also implement the element v :%)
Vi_i=Ry kol my ou1 llmy 3,

Vi_ =Rz 1Ky [l my 5,0 I my 3,5

(»By the previous lemma, we simply set the values of the bar variables: %)

’

o A A As As
{/\1’ Az5 Az, A4}={ ’ ’ ’ }
A=A A=A Al-A AL-A]
rulesRinv =
{I-_ll,l = '((‘I-’i,l +H1,1 Mi,z +H1,1 H%,l =2 1,2 M2,1 H2,2+ M1, Ilg,z)/(ﬂf,l -2 Hi,l lli,z +IJ‘1‘,2 -2 Mi,l F%,l -
213 2 B3 0+ S L+ B, Mo B B2 = 2 S L G 5 =2 B B 2= 2 5 1 M3 5 4 M3 1))
My, -((Ili,l H1,2 -Mi’,z + 1,2 H%,l -2 1,1 M2,1 M2,2%H1,2 H%,z)/(ﬂf,l -2 Mi,l Ili,z +IJ‘1‘,2 =
213 1 B3, - 2] o M s+ B L B2 By B2 =2 B B 0= 2 S o Hh 5 =2 5,1 B2+ B3 )
My 3~ _((”i,l Hi,3 -Hi,z H1,3+H1,3 ”%,1 - H1,3 H%,z =2 1,1 M2,1 H2,3+2 12 H2,2 M2,3)/
4 2 2 4 2 2 2 2 4
(F1,1 =2y G Hy ot Hy 2~ 2y Mo 2 o Mot S ot
8 H1,1 H1,2 Ho,1 Ba,2 =2 B30 B3 2= 2 B3 2 B3 2= 2 B3 1 13 5 + 3 )5 Fia e =
-((Fi,l H1,4 -I-'i,z Hi,4+ H1,4 M%,l - Hi,4 H%,z -2 1,1 2,1 M2,4+2 U102 M2,2 H2,4)/(Fi,1 -2 Fi,l Fi,z +IJ‘11,2 =
203 1 B3, - 2] o M s+ B L B B B2 =2 B L B 0 2 S o Hh 5= 2 5,1 B2+ B3 0))s
o> =((B3,0 b0+ 1 o o1 =13 =2 B b2 b o 4 b1 15 0) [ (M0 - 208 1 2 5+ il o -
213 1 B3, - 2] o M B L B2 By B2 =2 B L B 2= 2 8 o Hh 5= 2 5,1 B2+ B3 )
a2 =((~2 b1 b0 b0, # B L a2+ 12 5 b2+ 15 1 20— 15 o) [ (M1 - 23,0 b2 2 2 -
213 1 B3, - 2] o M e+ B L B B B2 =2 B L B 2 2 S o HE 5= 2 B30 B2+ B3 0))s

My 3> -((-2 M1,1 M1,3 M2,1+2 1,2 H1,3 H2,2 +IJ§,1 H2,3 'F%,z H2,3 +H§,1 H2,3 -y§,2 Mz,s)/
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4 2 2 4 2 2 2 2 4
(F1,1'2”1,1 Mio+Hy =2y 1 M5 1 =2 My 5 5 1+ 1) 1 +
8 M1,1 M1,2 M2,1 M2,2—2 I-l%,l Il%,z -2 H%,z l-’%,z‘ 2 F%,l I-lg,z +F§,2))’ ﬁ2,4 -
“((~2 11,0 e 2,1+ 2 1,0 B0 b2 B B2 ,a = S 5 M B3 aya = 3 5 o ,a) [ (B -2 B b p e -
203 L B3, - 2] o M e+ B L B2 By B2 =2 B L B 2= 2 8 o HE 5 =2 5,1 B2+ B3 0))s
I_l3,1 nd '((F%,l H3,1 +H§,2 H3,1 -H%,l H3,1 'F%,z M3,1—=2 1,1 1,2 H3,2+2 [3,1 22 Il3,2)/
2 2 2 2 2 2
(F:,1'2F1,1 ”1,2*"‘1‘,2'2111,1 M2,1-2 41 F2,1+Fg,1+
8 H1,1 H1,2 Mo, 1 Ba,2 =2 B3, B3 2= 2 B3 2 B3 2= 2 3 1 13 5 + 13 )5 s p
“((~2p1,1 1,2 3,1+ 2 21 b0 s 1 B a2+ S S s = B3 a2~ 3 o s ) [ (B -2 B b e -
2“%,1 F%,l'zl’i,z F§,1+F§,1+8”1,1 H1,2 M2,1 FZ,Z'ZFi,l I’%,z'zl-'i,z l’%,z'zl’%,l F%,z"'l"z‘,z))’
M3 3> -((-2 Mi,1 M1,3M3,1+2 My 1 H2,3 H3,1+2 1,2 M1,3 M3,2—2 M2 2 H2,3 H3,2 +Ilf,1 M3,3-
IJi,z F3,3—ll§,1 I~’3,3+F§,z M3,3+2 U1 4 M2 2 Ha,1—2 1,2 M2,4 Ha,1—2 P14 H2,1 Ha2 +
2 1,1 Ha,a a2+ 2 B0 Bt Haya =2 B B, Maye) [ (0= 2130 3 2+ bl 2 -2 08 1 43 -
2“%,2 F§,1+Fg,1+8”1,1 Hi,2 2,1 ”2,2'25’%,1 ”%,2'2F§,2 I’%,z'zl’%,l l’%,z"‘l‘g,z)),
H3 4> -((-2 Mi,1 M1,4 M3,0+2 My 1 Ho,a H3,1+2 1,2 H1,4 M3,2— 2 P2 2 H2,4 H3,2 +Ilf,1 H3,4-
IJi,z H3,4 _”g,l H3,4+F§,z M3,4+2 Uy 3 M2 2 Ha,1—2 1,2 M2,3 Ha,1—2 H1,3 M2,1 Ha,2 +
2 1,1 Ha,3 M2+ 2 B0 Bt Mays =2 B B, Mays) [ (K- 2080 3 2+ bl 2 -2 08 0 43 -
2“%,2 F§,1+Fg,1+8”1,1 H1,2 2,1 ”2,2'2”i,1 F%,z'zﬂi,z I’%,z'zl’%,l ”%,2*”2,2)),
Hy > -((F%,l Ha,1 +H§,2 Ha,1 -H%,l Ha,1 'F%,z HMa,1—2 1,1 H1,2 Ha2+2 [ip 1 M2 Il4,2)/
2 2 2 2 2 2
(”;.‘,1_2”1,1 F1,2+F‘11,2'2F1,1 M2,1=2 17, F2,1+Fg,1+
8 1,1 H1,2 Mo, 1 Bay2 =2 B3, B3 2 =2 B3 2 B3 2= 2 B3 1 13 5 + 3 )5 Hlaz
~((~2 1,1 11,2 b1+ 2 20 22 a1+ B3 a2 + B o a2 = 3y a2 = 8 o bayo) [ (W20 -2 L B 4 s -
2“%,1 F%,l'zl’i,z F§,1+F3,1+8”1,1 H1,2 M2,1 F2,2'2F§,1 I’%,z'zl-'i,z ”%,z'zl’%,l F%,z"'l"z‘,z))’
Hy 3> -((2 Mi,a 2,20 M3,10—2 M1, 2 H2,4a H3,1~ 2 M1,4 M2,1 M3,0+2 P11 Ha,a H3,2+2 1,2 M2,1 M3,4—
2,1 M2,2 M3,4=2 M1,1 M1,3 Ha,1+2 M2,1 M2,3 Ha,1+2 M1 ,2 H1,3 Ha,2 =2 [, 5 H2,3 Ha,2 +
B33 Ha,3— M2 5 Hays =5 1 Ha,3+ 5 F4,3)/(M‘1‘,1 —2p WD MY -2 WS-
213 2 B3 0+ HS  + B, Mo B, o = 2 S L D 5 =2 B B 2= 2 M3 1 M5 5+ M3 )
Hy 4> -((2 M1,3M2,2 M3,1 =2 H1,2 H2,3 M3,1 =2 M1,3 M2,1 M3,2+2 M1,1 M2,3 M3,2+2 M1,2 M2,1 M3,3 -
2,1 M2,2 M3,3 =2 M1,1 M1,4 Ha,1+2 M2,1 M2,4 Ha,1+2 M1 ,2 H1,4 Ha,2 =2 [, 5 Ha 4 Ha 2 +
Hi,1Ha,a=Hi,2 Ha,a=H3 1 Ha,a+ 3 o H4,4)/(M‘1‘,1 —205 M oMY 2 M ) -
203 2 M3, K H B, B2 By M2 = 2 S L M =2 S 5 M - 2 M5 1 5 2+ 15 o))}
Scan[Set @@ H &, rulesRinv]

(*To change from one test to another, please exit the kernel.x)
TEST 1:

n[-]= H1,3=03 M a=13 p31=15 A1 =05 Haa=1; Ha1=1; Ay =-1; A3=-1; Ag=-1; H1,2=0;
H1,4=03 My 1=13 My o=13 My 3=15 p3 =15 p33=15 ps 4=135 par =13 pg3=1;

TEST 2:



In[«]:=

In[«]:=

In[«]:=

Out[e ]=

Out[e ]=

Out[« ]=

Out[« ]=

out[« ]=

Out[e ]=

Out[e ]=

Out[e ]=

23
3 M1,2=03 [ 1=035 =03

Ay = -
Hi,1 Hi,1

2,3
Ayj=1; A, =035 Az = H

M1,3==HM1,45 MH2,4 =—HM2,35 M3,1 = M1,45 M3,2=—HM2,35 Ma,1 =—HM1,s;

2#%,4'211%,3'#1,1 H3,a -2 ”%,4"‘2”%,3_#1,1 M3,3
Ma,2 = 2,35 Ha,3= 5 Ha,a= 3
Hi,1 M1,1
TEST 3:
23 2 U3
A1=15 A=05 P1,2=05 lhr,1=0; ph =05 A3= 3} Ag=-— H
Hi,1 Hi,1

M1,3=—=HM1,45 MH2,4=—HM2,35 M3,1 = M1,a5 M3,2=—M2,35 Ma,1 =—M1,s;

2#},4-2H§,3-H1,1 H3,4 -2 Mf,4+zll§,3—ll1,1 M3,3

Ma,2 = H2,35 M4,3= 5 Ma,a= H
Hi,1 Hi,1

Checking that each of these examples indeed defines an XC-structure on SW:

Ri,2Rs,a /i my s, Il mz,m)- 1/ Simplify

(R1,2 Ra,3Rs5,6 I My 451 11 My 5,5 11 m3,6->3)'(R1,6 R2,3Ra,5 1/ My 4,1 /1 My 5,5 11 m3,6->3))
(xl K2 Ra,4 Ks K Il My 3,0 1 My 50y 1 My 4y Il mz,m) - Rl,z) Il Simplify

(K2 2 R0 K5 e /1 my,5,1 1My 5,1 1 My 0y 1l My 60) =Ry o)/l SimpLify

(ﬁl,‘; R3,2 Ke /I My 3,0 /I My 5 11 m2,4_,2) - K2) Il Expand // Simplify

(ﬁs,l Ry,3 Ka 1l My 3,1 1 My 4 I m2,5_,2)—72) Il Expand // Simplify

K1 Ko I ml,z_,l) -1// Simplify // Expand

(
(
(
(
(
(
(
(

(R1,3 ?2 1/ ml’z_,l 1/ m1,3_,1) - (R3,1 Ko 1/ ml,z_,l 1/ m1,3_,1)) 1/ Expand

examples.nb

Once[AppendTo[$Path , FileNameJoin[{"/Users/usename/.../MathematicaNotebooks/KnotTheory"}l;

<< KnotTheory" ;
I

««+) Get: Cannot open KnotTheory'.

| 3
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in[-]:=  RVK::usage =
"RVK[xs, rots] represents a Rotational Virtual Knot with a list of n Xp/Xm crossings
xs and a length 2n list of rotation numbers rots. Crossing
sites are indexed 1 through 2n, and rotsf[k] is the rotation
between site k-1 and site k. RVK is also a casting operator

converting to the RVK presentation from other knot presentations.’";

in[-1:= RVK[pd_PD] := Module[{n, Xs, X, rots, front = {0}, k},

n = Length@pd; rots = Tab'Le[O, {2 n}];

s = Cases[pd, X X { Xp[x[41, x[11] Posi t'|veQ@x],

Xm{x[2], X[1]] True
For[k =0, k<2n, ++k, If[k == OV FreeQ[front, -K],
front = Flatten@Replace[front, k> (xs/.{
Xplk+1, 1] Xm[l_, k+1] = {1, k+1, 1-1},

Xp[l_, k+1] | Xm[k+1, 1_]:» (++rotsl]; {1-1, k+1, 1}),
_Xp | _Xm: {}

D, {15
Cases[front, k| -Kk] /. {k, —K} :» ——rots[[k + 1];
RVK[xs, rots]];
RVK[K_] := RVK[PDIKI];

In[«]:= rot['i_, 0] :=1;
rot[i_, n_] := rot[i, n];
rot[i_, n_] := Modu'Le[{j},

rot[i, n] = If[n >0, rot[i, n-1] k5, rot[i, n+1] Fj] /] mi,j_n-];
ni- - Width[pd_PD] := Max[Length /@ FoldLi st[Comp'Lement[ttl UH2, H1NH2] &, {}, List@@List @@@ pd]]

m(-1:=  ThinPosition[K_] := Module[{todo, done, pd, cc},
todo = List @@ PD@K; done ={}; pd = PD[];
WhAi le[todo == {},

AppendTo[pd , cc = RandomCho’i ce@MaX'imalBy[todo , Length[donenList @@ H] &]];
todo = DeleteCases[todo, cc];

done = doneu List @@ cc];
pd |;

ThinPosition[K_, n_] := F'irst@M'in'imalBy[Table[Th'inPos-it'ion[K], n], W'idth];



ni - Z[K_] := Z[RVK@ThinPosition[K, 100]];
Z[rvk_RVK] := Mon'itor[ Module[{(, done, st, cc, x, i, j, k},
{=1; done={}; st= Range[z Length[rvklIl]]]]; $M = {};
Do[AppendTo[$M, ccl;
{i, j}=List@@cc;
X = (cc /. {_Xp = Ri,j Vo, _Xm:=» Ry j v@}) I'my esi3
Do[x = (rot[e, rvkl2, kIl x) / me, ks ks {i, 3}

g *=X;

Do[

If[MemberQ[done, Kk + 1], I=Cllmg pk; st=st/. k+l-> k];
If[MemberQ[done, k - 1], ¢ = ¢ Il Mstfk-1], kostfk-1]3 St =st/. k - stk - 1]]],
{k, {i, 3n);

done = doneu{i, j},

{cc, rvkl1][}

G

¢

], {Length@sm, $my

inf-1= {8, Z[H] /1 Simplify} &/@ AlL1lKnots[{1, 7}] // MatrixForm

--+) Get: ParentDirectory[File] in $Path is not a string.

KnotTheory: Loading precomputed data in PD4Knots".

Out[+ ]//MatrixForm=

Knot[3,
Knot[4,
Knot[5,
Knot[5,
Knot[6,
Knot[6,
Knot[6,
Knot[7,
Knot[7,
Knot[7,
Knot[7,
Knot[7,
Knot[7,
Knot[7,

1]
1]
1]
2]
1]
2]
3]
1]
2]
3]
4]
3]
6]
7]
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