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@ Recap Alexancler P°'E]"\°'“"a~|

@ Main theorem ond Knot invarionts
©, Winohng Nnumbers

@ Geid Madreices

® Proof of the theorem

©® Exim -\—\m'nJS ‘o think about
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Qe.cap of +he Alexonder Polanom:oJ



Alexander Pol:)nomu‘ql
¥ Knot nvociant

Del. The Alexander Polbnomml At (B) of

an ofiented link E with Seifert madecx
S s SiVe.n bé :

AT (4) = det (28 £ 8T




Alexandec Po\:jnomm\ Vi Skein feladion

Skein *ciple:
K X(C
Ly L- Lo

Alexonder Polynomial :

s ALY - ACLY) = (£ - £%) AL
OA(O) = 1
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Moin theocem ond Link invarionts



Linlkk invaciants

Def. A Link invariont g o Map:

\'f- : g Links‘l\ - S
set ot L> Some Set: uSua\\é a. el
links of Po\ar\om.‘m\ cing

Sk if Ly and Lo are tuo eguivalent links,
we hawve -C(L1\= s[LQ\)
Bmk  Not +he other Lay acound ¥



Well- defined Link invoriont

We wont o link invariont 4hat cloes not

C‘I\O.nse, undeec - Tn S)ey\c,fa\ :
1) Commuadtion (R:-v %
2) Shobilization |

3) P ok Ra X
Planar is opY <.i~,>
\.

\/ﬂ (st \/

AR % %




Main Theorem

Thm. -
let & be a grid olioscam for a Ink L , “then
@G({:) 15 a Wwell-cdefined link invariant which Wincides

With +he Szxmme,-\'r.'%col Alexandes Polahom{o«.l Ay (),
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W indiné Numbecs



"W incl ina Nnumbers

(j)ej: Let ¥ be o closed , piecawise linear Curve,
Oriented Curve in the plone ; and let P le

o point in RT\Y.
Given o fay ¥ from P to 0, The

'\Jino\ina number Wy (P) IS +he odse,\pmic. ntersection

of P with . ‘ o
G




wino\ina number Sor  Grid dio.s(‘oms

The wind{na number for P Coan e $ound \oa m«k.'aa_
o (‘aua £ feom p to nbinity | then :

4\ -4 f ‘F intersects a  Clockwise %(‘{d line

) +1 if Counter - clockwise
3) O it p is outside Closed circle.
Ojo]ojo]o|o
j? X olal2]2]o0]o
i _O Ol1]la]o]-2]D
X.- er > Ola]o]-1]-2]0O
X olo|-2|-2]-]o
Ot1X ololelole|o
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Geid Madtcices



C.onve,vﬂ—ion

¥ Rows o labeled 1,....n SLrom boHom s Yo,
% Columns afe labeled 4,..., n fiom left ¥ ﬁJH‘

X
O

p» v~ 0 o




Geid Modrix

/Dig- Toc o gfio\ c\.’agfam @x 3 +he gﬁ'd Moadter iy

M(GT\ 1S defined R \oa &.ana -

- W

(M(Gr\\;,; =t

((3-1, n-i))

Pmk. % Weird index from

Conventon .

D) LO\'\"'" e PQ‘:"'"

Corresp. to
Moaster % Q;\{' .

% Leave owt 16p fouw and r\'éh-lmﬂ- Column.
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tjo-'|lo

Olo|o]|o]o] o

tjoj-t|-t]o

O|lO|o|o]o]oO

0

0|0

Example

Whinadia 3 Nuwmbers

L e et e




Detecminant

The delerminant is not o \ink iavaciant.

Check that

X|Of |
X0 (@
Ol X 4

Hove different cleterminants.




Two more +erms

o e.ve.r'a mo.f'\Au°na X and O, Compule the

Sum ofF the LI ina nuwmbers of the Corners

ot Hhe Sq_uod' e of the mar \(;ﬂé.

a( (Dr\ is +the sum oF these wiqol.'na numbers
divided by 8 foc all X, 0 n G



Examplc, o (G

Olojojo|o|o

O X OIIIQO
Xl 1O S oli [1]e]-t]o

X1 10 ol o]~ [-1]o
Xl 1O olo|x |-1]-l]o
O X olo|lo|lo]e|o
G Whindia 3 Nuwmbers

o(G) = 1+1+3-1+3-3+1-3 -1—1
8

[
O



Two more tecms (cid.)

Let E£CT) € TN be +he sign of +he

R—(W‘\'a‘l’t‘m COV\'\eC."'\.ﬂa G® Qnd (n.. n-1 )y == )1)

E.qa.
=3- o = (5,1,2,3,4)
O X
+ FHO (&) = 1
XHAO!
X.-
O——X
G



The Delinition

Tor o 3(.‘0! o\.’aaram G , define

”L)d"ﬂ Q(G)

D ) = E(G) - deb (MG (£"-& t




E xomple

% dek (MU = (= x3-xto x=1)(-x41)

®) X

+><-C_5? % £(6&) = 1

X.-O—f—X ¥ a(&) =0
G % n= 6

Execcise : g;ﬁuﬂb ot Lhich knot +his is.
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'Proo?— of +he theorem



Main Theorem

/ﬂ\m. |
le.l. (I;- bﬂ ' O Com -to( o llﬂk L 9 “\GV\
Q al fd 0'! 3\'
- ) ] a'ole.S
/ ) ('l:) '5 \,Je_\l de¥ined ‘fnk im/ar'.‘ay\-l- b)\'\u(‘.h inc
' (; ] Qa

lunom;a | At #).
th  the Samme,-\'r.‘%col Alexandec Po Y
W



What co we need *o ‘Dc‘ovc,g

4\ ®Qx(+\ is o wel|l-clelined Link invariant
A\ CD& IS invariant Lnder Commutation

Moves.

'B\ CD&_ S invatian}t under S-\-obi\:?;a-kon.

Q) DG’ (+) Coincides with the Alexander Polynomial.



Thavacionce wnder Commultation

Lemmo.

The funchion rD& () s invaciont under

Commutation moves.

o O lo

X X O

X|O
X|O
X




Skerch ofF twe Proof

Case 1:
T i1 ita *w;ﬂd;“3 num'oe.rs O‘O '\0\'
|O O c,ho;.nOC..
X X ¥ Swop +he +wo Colwmns
—_ |
= ¥ G oncl & Onl'a ol ber
2 O in column C+1.
X
& ‘ ¥ Oﬂla o Minus Sign.

x E(G) =-E£(&).



Skerch of twe pProof (cidl)

Case a:

¥ Tour Subcases o
position of X, O.

* Diffecence in Winoling mamber
K Sign oliffecence

% £(G) =-€(&")

% o (@) = a(&')-1.




Tnvacionce uncdec Stobilization

LQW\MG-

The funchion rD& () s invaciont under

Stob ilizotion moves.

@

X

X :SW

> O




Skd-c\m of +he P(eoc ‘ha
% X SW XL .,
% C‘f\ahbe, fow i+

X

¥ Sublcoct 1+ from it4

¥ Makrix has one nNon-2e term in this fow.

¥ Deteeminant of minor = Determinont ore Jmal

¥ The rest is Similar 40 beflore..




(D&G) is a link invariant

o Ccomuell's theoem ¢ EVe.ra 80‘:1 o iagram e Lresents
Eq_u;wxle,w\- links € liaks are celaded \oa o
Finle sequence of gcidl moves.

e We have shoon @ De(#) is invanant under gl
MovCs .

¢ So - (D& () 5 a wdl-Jdefined Iink invariant



Skein celation Sor griol ol.‘aarams

We will show /.D@,, (1) Sakisfies the skein

telation.

We neeol %r.‘ols for ¢

KX (
Ly L- Lo



@ ictio r\aré,

G-

><__

X_




Skein eladion Sor gctd o‘iajrams

Lemma E3-3-M:\

'l"hc, ir\Vau" iant ’D'):_(-l-\ .San‘s-C.'cs "l'kc, Sk&fn C C,\&'l'a'M:

Do, ) - D @ = (£*-£™)Dp,




‘Proof
* G, Go, G- , G P
cliffer of\la m +wd oL

Columns. Ol

¥ w.l.o.3= Left - mest +wo0




P(oog (C:['ol)
Claim 1 et (M(G,)) + det (M (&) =

det (M (6.)) + det (H@G:)

G. 6o G G-
x-+ [ X} [ X
< x<H+ [T1XF XEH
ol [ofH [[[oF [[]S
o [ [o} [O O

0w ofeccctions and planar iso-)-og.



_Prock (chd.)
Claim & alG-)= alG,) = a(Go)+ 32
= a(&)-3

Cloim 3 E(G+) = - €(G.) = £(Go) = - €(Gs)




_Proct  (cha)
Combin ;l\a the claims

D, (k) - D
. (£) = ale -1l
(&) = (£ )Dp, @)
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A ?ew Nice +‘/\|'an



@ Multivariable Alexander Né) nomia.l
A Similac esull hads {o the MVA

41
2

£ -n; ag;t
Ag ey, te) = €(G) deb RIGYTT (a-4) 't

We haw a h)mol madwx with wmolma numbess
Pef (ink C.OM\DOV\e

B T




@ Quontum Monesa,
¥ Quontum Mmoney  Scheme. bosedd on +this
Alexander Po\anomia\
% Quantum bt —> not fomeable
—>  Verificedion

% Un:?orm Su\?er R)Sl"lu'of) on O aﬁo‘ c,lio.srwh
= knot
K Ves: C:m{'{on \oa Alexander Fb)émmia.l



@ Nice_ Vizmalizodion proara.m.




Conclugion

@ Grid Hodrices
@ -\&\Tindina numbecs
@ Geidh d:aa(‘a.ms ond Alexandler Fbl(t)mm'al.

Tor @ferenceS gGee tae notes



